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Introduction



Sparse Optimization

» Sparse optimization considers
min f(x)+ A
XG]IRD" (X) ||X||O

)

in f <
min f(x) s.t. |ixllo<s

> x can be extended to matrices and tensors
> f(x) may be nonsmooth even nonconvex
> ||x||o counts the number of nonzeros

> ) and s are parameters

» Also called compressed sensing and variable selection
» Broad applications in machine learning, pattern recognition and engineering

> https://github.com/xianchaoxiu/Sparse-Optimization


https://github.com/xianchaoxiu/Sparse-Optimization
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First-Order Algorithms



{1 — £, Minimization
» Xiu-Kong-Li-Qi, Computational Optimization and Applications, 2018

Xmelnn || Ax Il + HX||,J 0<p<l)
» Consider the following e-approximations

in Fac(x)=||Ax — bl|; + A o +e)e
min Foc(x) = [ Ax = bl + ;(IXI +6)

4

min Fo(x) = [|Ax — blly + /\; hy. (x;)

where

-1 »
hu) = i o (xls = 25 27) L u= (5

0<s<u,



{1 — £, Minimization
» (Definition) We say that x* € R" is a generalized first-order stationary point of (1) if
0 € (ATsgn(Ax* — b))ixi + Ap|x*[P, i=1,2,---,n

Furthermore, the following statement holds

Ap |1 .
| > L T
x| > (||A,‘||1)1 p, Vie (3)

» (Lower Bound) Let ¢ be a constant such that

AillL\ 71
0<e<An (H)\'/ll> (4)

Suppose that x* is a generalized first-order stationary point of (2). Then, x* is also a
generalized first-order stationary point of (1). Moreover, the nonzero entries of x* satisfy
the lower bound property (3).



{1 — £, Minimization

» (Convergent Theorem) Assume that e satisfies (4) and set g as % + % = 1. Suppose that

*

x* is an accumulation point of {x¥}. Then x* is a generalized first-order stationary point
of (1). Moreover, the nonzero entries of x* satisfy the lower bound (3).

Choose an arbitrary x® € R” and ¢ such that (4) holds. Set k =0
1) Solve the weighted ¢; minimization problem
x*1 € argmin, {||Ax — b|l1 + Ap >, s¥[xi|}
where s = min {(ﬁ)% |x,-k|ﬁ} for all i
2) Set k < k + 1 and go to step 1)
End




{1 — £, Minimization

» Comparison with FISTA

m n FISTA Alg.2 Alg.3 Alg.4 | FISTA Alg.2 Alg.3 Alg. 4

100 500 | 11.1587 0.0455 0.0303 0.0223 | 0.0008 0.4183 0.3087 0.2453
200 1000 | 8.6122 0.2097 0.1518 0.1279 | 0.0020 0.1413 0.0564 0.0484
300 1500 | 2.0159 0.1498 0.1195 0.1079 | 0.0067 0.2095 0.1293 0.1265
400 2000 | 2.3528 0.1057 0.0877 0.0799 | 0.1093 0.3648 0.2905 0.2791
500 2500 | 1.1584 0.1672 0.1491 0.1091 | 0.0310 0.4761 0.4799 0.4583
600 3000 | 0.9855 0.0972 0.0972 0.0972 | 0.0386 0.9324 0.7700 0.7684
700 3500 | 1.1239 0.0947 0.0940 0.0872 | 0.0756 1.7057 1.6983 1.5231
800 4000 | 0.8065 0.0958 0.0924 0.0861 | 0.1598 2.5905 2.4271 2.3562
900 4500 | 0.8734 0.0982 0.0981 0.0823 | 0.1546 3.3103 3.2272 3.2263
1000 5000 | 1.1301 0.0942 0.0912 0.0851 | 0.1937 4.0071 3.9719 4.1359




Fused Regression

» Xiu-Liu-Li-Kong, Computational Statistics & Data Analysis, 2019

p

1
min 5y - XB|? + &, (8) + > Or(Biss — B7)

i=1

» ®_ and ®,, can be the same or different
» Nonconvex penalty functions: ¢,, SCAD, MCP, capped ¢;

» For notational simplicity, define
o1
min oy = XBI? + &4,(8) + 6.,(DF)

with



Fused Regression

» Alternating direction method of
multipliers (ADMM)

. 1
min S [ly — XB|? + &7, (a) + @1, (7)
ay.B 2

st. a=p

v=Dp

» (Convergent Theorem) Suppose that
{(ak, 4%, Bk, wk, wk)} is a generated
sequence. Then the sequence
converges to a stationary point.

» Recovery results
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Sparse LDA

» Liu-Feng-Xiu-Liu, Pattern Recognition, 2024
min Tr (QTSQ) + A Q2,1

st. QTQ=1
I
. T
Jmin, Tr (Q'SQ) + Ml Q21 + X2l Elly

st. X=PQ'X+E, PTP=]
U
. T
Pr%?E Tr (Q SQ)+)\1H0||2,0+)\2||EH0

st. X=PQ'X+E, PTP=1
)
Pmci)nE Tr (QTSQ) + A1]|Qll2,0 + A2[|Qllo + A3 Ello

st. X=PQ"X+E, PTP=1



Sparse LDA

» Classification accuracy > Model stability

Classifcation accuracy (%)
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Second-Order Algorithms



Sparse CCA

» Xiu-Yang-Kong-Liu, Applied Mathematics and Computation, 2020

min -~ BTXTYO+ NSl + 0]l

s

st [XBIP <1, |YO? <1

> Alternating minimization algorithm (AMA)

» Update S by
mBin —BTXTY0+ \|BI1

st | XBIIP <1

» Update 6 by
min —B"XTY0+ ull0]x

st [|[YO? <1



Sparse CCA

» The dual optimization problem of (5) is

o1
min e — YO|* + dxs.. ()
ay 2

st. XTa—~v=0

U
1 2 TiyT O 1\T 2
Ls(a,v;B) = §||04 = YO0|"+dxe..(v) - B (X a—7)+ EHX a—
» First apply a semi-smooth Newton method for solving
(@fH,A*H) = argmin {Ls(a,7; )}
a,y
Then update the Lagrange multiplier by

ﬁk+1 _ ﬁk _ T(Sk(XTO[k+1 _ ,yk+1)

» (Convergent Theorem) The generated sequence {(3%,0%)} converges to a stationary point.



Generalized CCA
» Li-Xiu-Liu-Miao, IEEE Signal Processing Letters, 2022

M

v=1

st. UTU =g, [|Py]lo < s,

> Alternating minimization algorithm (AMA)
» Update U*t1 by - ﬁ’: 1V — X,P2

U 2 vV IlF

st. UTU =g

> Update Pk+i(v =1,..., M) by

”,‘Din Z U = X P |1}
! v=1

s.t. HPV||270 S Sy



Generalized CCA
» Denote f(P,) := ||[U**1 — X, P,||2. Then
VE(P,) =2X] (X, P, — UKL, V2f(P,) =2ly® X X,
» The «,-stationary point of (6) can be given by

P, =Ns(P, — a,Vf(P,))
¢
0=P, —Ns(P, — a, VF(P,))

_ ( Egv;j ) _ ( (P)7. —aovvrvf(Pv) >
_ ( av(v;)f(Pv) )

» Newton hard thresholding pursuit (NHTP)



Generalized CCA

> Runtime comparison » Extracted feature comparison
Problem Scale GCCA SGCCA SCGCCA 0 a SCLD SN A
(1,000;300;300;300) 0.04 0.04 0.01 mhn ?
(5,000;300;300;300) 023 028 0.03 Po e ——
(10,000;300;300;300) 0.40 0.41 0.07 P00 s0 100 150 200 250 300 50100 150 200 250 300
! ! ! ! : : : 105 P2 el
(50,000:300;300;300) 232 227 034 | 8 -
&9
(100,000;300;300;300) 458 435 0.66 5 o 2
2
(1,000;1,500;1,500;1,500) | 0.42  0.40 0.02 ) - . °
(5.000:1 500:1 5001.500) | 135 116 012 s o o mo om0 o o s w0 10 a0 0w
,000;1,500;1,500;1, . . . ) B . &
(10,000;1,500;1,500;1,500) | 263 224 0.24 _'_‘j- :" I
(50,000;1,500;1,500;1,500) | 1321  10.56 1.18 5 )
(100,000;1,500;1,500;1,500) | 26.60  22.53 2.35 L0

“o 50 100 150 200 250 300 0 50 100 150 200 250 300 o 50 100 150 200 250 300

(1,000;3,000;3,000;3,000) 153 1.58 0.17
(5,000;3,000;3,000;3,000) 3.92 3.49 0.23
(10,000;3,000;3,000;3,000) 6.87 5.65 0.45
(50,000;3,000;3,000;3,000) | 32.02 23.18 2.29
(100,000;3,000;3,000;3,000) | 667.69  629.54 4.91




Distributed Optimization

» Qu-Chen-Xiu-Liu, Neurocomputing, 2024

d
Jin, 2 V) @
st |Y]eo<s Y'Y =1,
. A8
ViR, Z V) +2IYTY = L[}

s.t. HY||270 S S
I

M T 2
fi(X =|Y'Y—1I
% {X}e]RnXp Z 4 || PHF (8)

s.t. X,- =Y, Vield], |[Y]po<s



Distributed Optimization

> (Lemma) Let (Y*,{X*}) be the (local) minimizer of (8). Then there exists s > 0 such
that Y* is an e-(local) minimizer of (7) for any g > fie.
> (Definition) We say (Y*,{X*},{A}) is a KKT point of (8) if it satisfies

0€Vg(Y*)+ 0, Af +Ns(Y*)
0= V(X)) — A¥, Vi € [d]
0=X*—Y* Vic|d]

> (Definition) We say (Y*,{X}, {Ar}) is a stationary point of (8) if there exists o > 0
such that
Y*=Ps(Y" —a(Ve(Y") + L A7)
0= V£i(X*) — A, Vie[d]
0=X;— Y*, Viel[d
> (Optimal Conditions) Suppose that (Y*,{X}) is a local minimizer of (8). Then, there
exists AT (i € [d]) such that (Y*,{X"},{A}) is a KKT point of (8).



Distributed Optimization

> (Nonincreasing Lemma) Let {(Y*, {X*},{AX})} be the generated sequence and 3 > v/2r.
Then the generated augmented Lagrangian sequence is nonincreasing, i.e.,

Lo(Y X N < La(Y9AX YA

» (Bounded Lemma) Suppose that 3 > 2r holds. Then the sequence {(Y*, {X*}, {Ak})} is
bounded. Moreover, it satisfies

lim || Y — YK =0

k—o0

lim || X< — XK||r =0, Vi€ [d]
k—o00

lim |[ASTE — AK||F =0, Vi € [d]
k—o0

» (Convergent Theorem) Let {(Y*, {X*},{AX})} be the generated sequence and 3 > 2r.
Then, any accumulation point (Y*, {X}, {Af}) is a stationary point of (8).



Distributed Optimization

» Runtime comparison

| Dataset | DPLAM DPCPG DESTINY DREAM

YALE
ORL
CAR

AR
Vegetable
CIFAR-10

0.13
1.19
2.10
2.83
3.60
4.79

0.09
0.593
1.64
2.19
2.95
3.64

0.04
0.57
1.53
2.01
2.50
3.74

0.02
0.22
0.82
1.71
2.29
2.94

» Classification accuracy

Classification accuracy (%)

Classifcation accuracy (%)

Classifcation accuracy (%)

Number of dimensions

50 100 150 200
Number of dimensions
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Future Work



Deep Unfolding Networks

» Gregor-LeCun, Learning fast approximations of sparse coding, ICML, 2010
» Zhang-Ghanem, ISTA-Net: Interpretable optimization-inspired deep network for image
compressive sensing, CVPR, 2018

» Chen-Liu-Yin, Learning to optimize: A tutorial for continuous and mixed-integer
optimization, Science China Mathematics, 2024

Traditional Algorithms Generic Deep NNs

Iterative Optimization

Methods Physics-Inspired Networks Hecc:nNet
Deep PnP CSNet
HQS i SCSNet *
. LDAMP DRCANet i e NL-CSNet
PGD . 1
. DPA-Net
ADMM Deep Unrolling .
|STA ‘ ISTA-Net AMP-Net Physics-Free
° AWP ® OPINE-Net © etworks
L] L]
Tl/ Physics MAD.UN Advanced Neural
Guidance COAST Target Structure/Mechanism
A

Beyond Deep Unrolling




Large Language Models

» Yang-Wang-Lu et al., Large language models as optimizers, ICLR, 2024
» AhmadiTeshnizi-Gao-Udell, OptiMUS: Scalable optimization modeling with (MI) LP
solvers and large language models, ICML, 2024

» Romera-Barekatain-Novikov et al., Mathematical discoveries from program search with
large language models, Nature, 2024

Problem Description Agent Team
A factory B o
produces several products. |pre-processing [ Tnitial Revenue: $4124
Each product — Structured P Manager Ed Protacs ton-
requires different amounts I Problem [0, 7 é]
of raw materials, machine - G T oy
time, and labor. Each 4
product has a price. Parameter Data 7
The factery needs e ’ Y
to determine how much ( P \ » v Formulator
of each product to MachineTime: [4,8, ... ,5],
produce to maximize the
revenue while not MaterialRequirement: Evaluator
exceeding resource [[3.2, qv L s, > Programmer
capacities. o
L [1,4, ..., 2]] Y
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