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Abstract

Phase retrieval (PR) is a popular research topic in signal processing and machine learning.
However, its performance degrades significantly when the measurements are corrupted by noise or
outliers. To address this limitation, we propose a novel robust sparse PR method that covers both
real- and complex-valued cases. The core is to leverage the Huber function to measure the loss

and adopt the ¢, /,-norm regularization to realize feature selection, thereby improving the robust-
ness of PR. In theory, we establish statistical guarantees for such robustness and derive necessary
optimality conditions for global minimizers. Particularly, for the complex-valued case, we provide
a fixed point inclusion property inspired by Wirtinger derivatives. Furthermore, we develop an
efficient optimization algorithm by integrating the gradient descent method into a majorization—
minimization framework. It is rigorously proved that the whole generated sequence is conver-

gent and also has a linear convergence rate under mild conditions, which has not been investigated
before. Numerical examples under different types of noise validate the robustness and effectiveness
of our proposed method.

1. Introduction

Phase retrieval (PR) arises in applications where only intensity measurements are available while phase
information is lost [1]. Classical examples include x-ray crystallography [2, 3], optics [4], astronomy [5],
coherent diffraction imaging [6] and microscopy [7]. For comprehensive surveys, see [8—10]. Without
additional information, the PR problem is generally ill-posed [11, 12]. This challenge has driven both
theoretical analysis and algorithmic developments. Recent progress includes measurement designs
with provable uniqueness and stability [13—15], as well as developments in specialized algorithms that
enhance practical performance [16, 17].

Mathematically, PR aims to recover an unknown signal x € H? (H=1RR or C) from

bi = [(a;,x)|" +ei, 1<i<n, (1.1)

where a; € H? is the sampling vector, b; € R is the observed measurement, and ¢; € R represents noise or
outliers.

1.1. Literature survey

Thanks to the rapid development of compressive sensing [18], sparse PR has been successfully applied in
various fields ranging from optical engineering to signal processing [19-21]. Generally speaking, sparse
PR methods can be divided into two categories. The first category is to use matrix lifting techniques and
then impose sparse regularization or constraints on the resulting matrix, which allows PR to be recast
into a semidefinite programming (SDP) problem [22]. The second category is to enforce sparse regular-
ization or constraints directly to the loss function with the least squares (LS) criterion and then apply
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gradient-based algorithms. In comparison, the second category without lifting techniques has attrac-
ted increasing attention because solving SDP problems usually requires substantial computing resources,
which limits the scalability of large-scale applications.

In algorithms, the whole convergence analysis has been investigated in [23-25]. The common tech-
nique for complex-valued PR is as follows. First, lift the p-dimensional complex-valued sampling vectors
a; and signal x to 2p-dimensional vectors via separating the real and imaginary parts of the correspond-
ing vectors, and transform each term |(a;,x)|? in (1.1) as a real quadratic form with 2p-dimensional vec-
tors. Then, enforce ¢;-norm to the 2p-dimensional vectors to regularize the above LS problem. Finally,
apply the proximal gradient method (PGM) to solve the resulting optimization problem and use the
Kurdyka—Lojasiewicz (KL) property based on the real-valued ¢;-norm to study the whole convergence
and rate. Here, the whole sequence is in the sense that the sequence generated by PGM is in the real
domain. The limit point of the generated sequence usually satisfies the fixed point equation based on the
real-valued soft thresholding operator, which is a necessary optimality condition. It is worth mentioning
that [25] also designed an optimization algorithm based on partially preconditioned proximal alternat-
ing linearized minimization and showed that the generated sequence converges entirely and the rate can
be achieved via estimating the KL exponent. However, as stated in remark 4 below, the regularized LS
problem that is derived directly using the real-valued ¢;-norm is not equivalent to the original problem.
In other words, [25] guarantees that the generated sequence converges to a vector satisfying a necessary
optimality condition for the real-valued ¢;-norm minimization, but does not guarantee that the limit
point of the complex-valued generated sequence plays a similar role in the original problem.

For the transformed minimization, the LS part is continuously differential without a global Lipschitz
gradient. The PGM and its variants are an attractive class of algorithms for minimizing the sum of
smooth and nonsmooth functions. A key feature in the convergence analysis is that the smooth part
has a Lipschitz continuous gradient. Recent works [24, 26-28] have studied the convergence for PGM
without global Lipschitz continuity on the gradient of the smooth part. In particular, [24] proved that
when the objective function satisfies the KL property, the whole sequence generated by PGM converges
to a critical point with a general convergence rate. In addition, [27] obtained a similar result with the
help of line search, and [28] proved the global convergence when the nonsmooth term is convex. As
mentioned in [24], the KL exponent is an important quantity for analyzing the convergence rate. Indeed,
in order to guarantee a local linear convergence rate, it is desirable to determine whether a given func-
tion has a KL exponent of at most 1/2. However, the KL exponent of a given function is often hard to
estimate.

In practice, measurements are often corrupted by different noise or outliers. In the last few years,
many state-of-the-art robust methods without using lifting techniques have been proposed [29-33].
Among them, two representatives against arbitrary corruptions are median-reshaped Wirtinger flow
(M-RWF) [30] and median-momentum reweighted amplitude flow (M-MRAF) [31], which are vari-
ants of wirtinger flow introduced by [34]. However, both of them only focus on the LS criterion, so if
the noise is not Gaussian or symmetric, the results are not optimal. Therefore, it is suggested to replace
LS with least absolute deviation (LAD) to improve the robustness [35]. After that, the ¢, ,-norm regu-
larized LAD method was proposed [33]. This is because that ¢, ,-norm not only has an efficient solver
similar to the classical ¢;-norm [36], but also has better performance in dimensionality reduction and
feature selection [37, 38]. It should be pointed out that LAD has an obvious disadvantage, that is, it is
nonsmooth. This makes it difficult to directly utilize gradient information, and thus brings huge chal-
lenges to the development of fast solvers.

1.2. Our contributions
Motivated by recent advances in Huber regression [39—-41], we propose the following regularized Huber
PR method given by

. L 1/2
)I(Téﬁ% F(X) .—f(X) J'_)‘Hle/zv (1-2)
where f(x) := %Z?:l ho(|(a;,x)|* — b;) and
12, if |u| < o,
hOé (u): 2 1 2 .
alul =302, if |ul >«

is the Huber function with parameter o > 0 (A traditional choice is o = 1.345, see [42]), ||x||iﬁ =

P x| /2 is the £ /2-norm regularized term, and A >0 is the regularization parameter. This frame-

work balances robustness and computational efficiency. The Huber function retains robustness against
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outliers like LAD while being continuously differentiable, which enables gradient-based optimization.
However, the regularized Huber method (1.2) remains inherently non-convex, and the non-Lipschitz
nature of the £, ,-norm introduces additional theoretical challenges. Three fundamental questions natur-
ally arise: (i) Does the corresponding estimator possess desirable statistical properties? (ii) What optim-
ality conditions characterize global minimizers, especially in complex domains? (iii) How to design
a provably convergent optimization algorithm? For the first question, as far as we know, no relevant
research has been reported in the existing literature. For the second question, although numerous studies
have been conducted on PGM, as previously mentioned, these investigations have primarily focused on
optimization problems with real-valued variables. Consequently, these existing methods cannot be dir-
ectly applied to solve (1.2), particularly in the complex-valued case. For the third question, the first term
f(+) lacks twice continuous differentiability. In the complex domain, this term is even nondifferentiable,
which poses significant challenges in verifying whether the KL exponent of F(-) is 1/2. In light of these
considerations, this paper systematically addresses these three fundamental questions through rigorous
theoretical analysis and methodological development.

In summary, the contributions of this paper are as follows.

(i) (Statistical guarantee) We construct a robust sparse PR method that combines /, /,-norm regular-
ization with the Huber loss. In fact, this is a novel framework for both real- and complex-valued
signals. Especially, we establish the consistency of the corresponding estimators for the real-valued
case when the dimension p may increase to infinity with n, see theorem 3.2.

(ii) (Optimality theory) We theoretically establish optimality conditions for global minimizers. Notably,
for the complex-valued case, we derive a fixed point inclusion property inspired by Wirtinger deriv-
atives, see theorem 4.4.

(iii) (Convergent algorithm) We develop an efficient majorization—minimization (MM) algorithm and
prove that the whole sequence converges to a vector that satisfies the fixed point inclusion. In par-
ticular, the convergence rate is linear under a mild condition, see theorem 5.6.

1.3. Outline

The rest of this paper is organized as follows. Section 2 reviews notations, definitions and properties.
Section 3 establishes the statistical properties of consistency. Section 4 discusses the optimality conditions
of global minimizers. Section 5 provides the optimization algorithm with detailed convergence analysis.
Section 6 validates the robustness by numerical examples. Section 7 concludes this paper with future
directions.

2. Preliminaries

2.1. Notations
In this paper, the scalars are denoted by lowercase letters, e.g. x, vectors by bold lowercase letters, e.g. x,
and matrices by bold uppercase letters, e.g. X. Let 0 represent the vector or matrix with all components
equal to zero, I, represent the identity matrix of p X p and i represent the imaginary unit. In addition,
let the superscripts — p and H stand for transpose and conjugate transpose, respectively. For a complex-
valued vector x, let R(x) and Z(x) denote the real and imaginary parts, X denote the complex conjug-
ate and ||a|| denote the Euclidean norm. For a matrix X, let [|X||, denote the spectral norm and X! ©
denote the submatrix consisting of the rows and columns indexed by I'’ and T'. For a symmetric matrix
X, let Amin(X) represent the minimum eigenvalue. Besides, denote x° = (x, - - ,x;)T as the true signal,
Ix°|lo as the sparsity of x° and |[x°|min = minje | |x7].

For any u € R, the derivative of h (1) is h/ (1) = min{max{u, —a},a}. It then follows

he (u)| < o and [k, () = he, (v) [ < |u—v| (2.1)

for any u,v € R. The second inequality also implies that the function h/,(u) is Lipschitz continuous with
constant 1.

2.2. Wirtinger derivative
Let z=x+iy € C? and its complex conjugate Z = x — iy € C? where x = R(z) € R? and y = Z(z) € R.
For a real- or complex-valued function ¢(z) = u(x,y) +iv(x,y), it can be written in the form of ¢(z,z)
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and the Wirtinger derivative is well defined as long as the real-valued functions u(-) and v(-) are differ-
entiable with respect to (w.r.t.) the real variables x and y. In essence, the conjugate coordinates

[j €C!'xCY z=x+iy, andz=x—1iy

can serve as an alternative to z. Under such conditions, the Wirtinger derivatives can be defined as

dp _ Op(z,2) _[0e(z2)  Op(z2)
E = 81 |iconstant - |: 821 PR 6Zd :| )
dp _ 0p(z,2) _[9¢(z,z)  O¢(z,2)
E = 5‘2 |zconstant - |: 051 [ 8Ed :| )

where the partial derivatives % and % are calculated by

o _1(o oy o _1(0 0
0z; 2 Ox; i T 0z ) Ox; Oyi '

Here z;,z;,x;,y; are the ith coordinates of the vectors z,Z, x,y, respectively.
Notice that the partial derivatives %—f and %—g defined as above are row vectors. The Wirtinger gradi-
ent is defined as

dp dp]"
v =|—=,= .
#(2) [81 ’ az]
In fact, the integral form of Taylor’s expansion is as follows.
Lemma 2.1. (Lemma A.2 in [43]) Let (z) : C? = R hold the continuous first-order Witinger derivative. For
any zy € CY, it follows that

1
Z—1

90(1):90(20)4‘/0 [Z_ZO}HV¢(zo+t(z—zo))dt.

2.3. Subdifferential
For a proper lower semicontinuous function ¢(u) : R? — (—o00, +00], the domain is dom(y) := {u €
RY: o(u) < +00}. Then

Do (u) == {w eR?: liminf

v;éu,v—mm [4,0 (V) - w(u) - <w,V— u>] P 0}

is called the regular or Fréchet subdifferential of () at u € dom(y), and
0y (u) := {w eRY: k= u,p (uk) — ¢ (u),dy (uk) >wh— ’w}
is called the limiting or Mordukhovich subdifferential of ¢(-) at u € dom(ip). From proposition 1.30 in

[44] and Fermat’s rule, the following lemma holds immediately.

Lemma 2.2. Suppose ; is continuously differentiable and (, is properly lower semicontinuous. For any
u € dom(p; + ¢,), it derives that

9 (o1 (w) + Ap2 (w)) = Vipy (u) + A9z (u) .
Furthermore, if 0 is a local minimizer, then it should have 0 € V(1) + A0y, ().

2.4. KL property

For real-valued nonsmooth nonconvex optimization problems, KL is a powerful tool for convergence
analysis. A function ¢ : R? — (—o0, +00] is said to satisfy the KL property with desingularizing function
¢ at point u € domOy if there exist 1 > 0, a neighborhood U of @, and a concave function ¢ : [0,7) —
R4 such that 1) ¢(0) = 0; 2) ¢ is continuous at 0 and continuously differentiable in (0,7); 3) ¢'(t) >0
for all £ € (0,7); 4) For all u e U N{u € R?: p(ut) < p(u) < p(u) +n}, the following inequality holds

¢ (¢ () — ¢ (1)) dist (0,0¢ (u)) > 1.
4
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If ¢ satisfies the KL property at each point of domdy, then ¢ is called a KL function.

Recall a subset of RP is a semialgebraic set if it can be written as a finite union of sets of the form
{u € R?: 0;(u) = 0,9;(u) < 0}, where 6;,9; : R? — R are real polynomial functions. A function o(u) :
RY — (—o0,400] is called semialgebraic if its graph

graph, := {(u",r) eR™: p(u) =t}

is a semialgebraic set of R*1. It is known that the composition and finite sum of semialgebraic func-
tions are also semialgebraic. For more details, see section 4.3 of [45]. Moreover, any semialgebraic func-
tion satisfies the KL property. For convenience, we state this fact as a lemma.

Lemma 2.3. Any semialgebraic function satisfies the KL property with ¢(t) = ct' = for some constant ¢ > 0 and
some rational number o € [0, 1), where g is referred to as the KL exponent.

3. Statistical guarantee

In this section, we focus on the robustness for the regularized Huber model (1.2) in the sense that the
corresponding estimator should always be close to the underlying true parameters regardless of the dis-
tribution of the outliers. More precisely, we study the asymptotic error bound between them. To do
that, we employ the sable condition introduced by [46] to achieve the stable recovery in real-valued PR
problems when the data consists of random and noisy quadratic measurements of the target signal. It is
stated in [46] that the measurement vector {a;} € R? are p > 0 stable if

1 n
72|<u7aiai—rv>\ = pllullf]v|], forall u,veRP, (3.1)
n

i=1

and the stability is established if the measurement vectors sample from sub-Gaussian distribution satis-
fying isotropic. Combing such stability and some other conditions, they further prove that based on the
{4-norm loss function, when gq € (1,2], the error between the true signal and its estimator is bounded
by a computable constant that depends only on the statistical properties of the noise. In addition, [47]
pointed out that the transformed data {a;/||a;||}_, and {b;/||a;||*}"_, are likely to make the LAD prob-
lem better conditioned since the normalization can make the observations comparable to each other and
yielding easier verification of their conditions. Indeed, [48] considered on the case that {a;}”_, are inde-
pendently sampled on the unit sphere because the normalization provides the guarantee that their the-
orem can be equivalently stated in the case where {a;}!_, are sampled on standard Gaussian vectors.
Therefore, in this section, we assume that all a; are unit vectors.

Note that [46] assumed that the noise follows a symmetric sub-Gaussian distribution, which is a
common assumption on the Huber method for high dimensional linear models, for example, [39, 49].
Moreover, given some conditions on « and A (depending on n), consistency results can be obtained.
Before continuing, we need the following lemma.

Lemma 3.1. Define two random events

1< 1 o o
Elz{nz|g,-|<yg|a+tn}, Ezz{ sup |z<u,aiafv>hg<ei>|<rna+n},

i=1 uvesr—1 1 i=1

where SP~1 is the unit sphere defined by "' = {u € R? : ||lu|| = 1}. Under some mild conditions, it follows that

The proof of this lemma follows standard techniques, for completeness, we provide the detailed argu-
ment in the appendix.

Theorem 3.2. (Consistency) Let errors {ey,...,&,} be i.i.d. sub-exponential random variables with symmetric
distribution around 0. Assume that the measurement vectors {a;} € RP is C, stable with C, > 1/2. Assume that
the parameter « satisfies

6E|51|

> m (3.2)

5
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Assume there exists a positive constant C, such that

1
- > (waav)? > ClulP[v]]* forallu,veR?,
ieZi

where T3 is defined by Ti* = {i: |e;| < poa} and py is a positive constant satisfying pp < 1 —
plogn/n—0 as n— oo,
and

|%° i > 2£1/°.

where t, = \/2(2p + 1)log(1 + 2n) /n. If the parameter A chooses

1/2 1/2 1 12 V2 1/2
(152 + 7111 ) < 5ot/ and Al /2 > =G [

min

] Fan et al

(3.3)

1
i Assume that

(3.4)

(3.5)

(3.6)

then min{||x — x°||, ||[x + x°||} = Op(ry), i.e. r;, ' min{||x — x°||,X + x°||} is bounded in probability. Here

VAl

1/2
TG x|

n

Proof. This proof mainly consists of four steps, which will be described one by one below.
Step 1). We start the proof by F(x) — F(x®) > 0 for any x satisfying

[ = x°[[[lx +x°[| = (1 — po)

if the event E; occurs. It is not hard to check that
2

!
olu| — > < by (4) < alul.

According to the relation (3.7) and the condition (3.1), we have

1 2 2
F(x) = F(*) = -3 ha ((a:x) - _,Zh )+ Al = A1
i=1
1 — a?
> 13 [altwnP b|] O e AR~ Al
i=1 i=1
1 ¢ - 1/2 1/2
> > folax)? = (x| —aleil] = &3 feil + M3 - Alx*l173 -

i=1 i=1

2c 1/2 12 ol
> aG|lx— x°||||x+x°||—72\@\+A|\xu1§2—x||x0u1§2—7
i=1

20 12 o
> € x—x°lllhe+ 7 = =5 D el = Ml - 5
i=1

Note that the condition (3.2) leads to

Eler < za2((1 = po)G — 1],

and the condition (3.6) implies that for sufficiently large n,

1 1
< 1201 = )G — 1] and A=} < 55 [2((1— )G — 11,

we have

12 _ 89

20(Ele|+ ) + A 1/3 < 1os0 20— )Gy — 1.

6
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From (3.8) and (3.9), we conclude that for sufficiently large n,

2a - 1/2 Oéz
Fx) = F(x*) > 0’C, (1= po) = == Y [l = Al [1)3 — 5
i=1
1 (3.10)
> 2 [2(1=po) G — 1] = 20 (Eler| + ) = Ax° 173
> 0.
Step 2). Under the event E,, we proceed to prove F(x) — F(x®) > 0 for any x satisfying
[x =[x +x°[ < (1= po)a
and
x—x°[|x +x°]| > £,/.
For eachi € Zi" = {i: |&j| < poa}, it follows that
[{ai,%)” — bl = | (x —x°, ;8 (x+x%)) — <
< el + e aa] (x )| o
< poor+ [l |x = x° [l x +x°
<a.

Thus, we have
S a2 )\, ] a2 g IR ‘ 1/2 o 1/2
”ﬂ‘F“)znz;(@“>_5>+ng;%(®“>‘h)‘nigm@”+A”“ﬂ_M“”m
i€y ¢TI i=

— 5 2 | (o =) =] 2 3 [ (e =) 0] Al - AT

igZin

1 1
=5 (x—x% a3 (x+x°))° — - Z(xfxo,aia;r (x+x%))e;
iezin iezin
1
o3 [ (5= = aa] (x+x7)) ) = ha (2] + Al = A3
igTin
1 1
> o z:(xfxo,aia;r (x+x°)) — . Z:O(fxo,a,-a;r (x+x°)h (s)
iezin iezin

1
— STkl (kX)) () + Al = A

igTin
= zi (x—x° 2] (x+x°>>2—%2<x—xﬁaia? (x+ X)) (21) + x| 175 = AlIx° 11 5-
ieZin i=1
(3.12)
For large enough n, using the conditions (3.4) and (3.6) leads to
4/3 1 2/3 1 1/3 1 2/3 oyl/2 1 2/3
atn <gg‘Zn ) ;tn ag%QZH Dand )‘HX ||1/2<ZQ271 )
we conclude from (3.12) and t,, < f; that
S 1 o112 o112 S S 1 onl/2
F(x) = F(x%) 2 S Gllx = x"|Fllx+x7[" = [l = x"[[lx+ %7 { a4~ J o = Allx"] )5
1 1 1 (3.13)
> e apa—Laralear
>0

when E, occurs.
Step 3). Under the event E,, we proceed to prove F(x) — F(x®) > 0 for any x satisfying

Il — x| llx+x° < 1,/

7
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2t o 2¢
min —x° o[ —— T 3.14
=L+ > S + e+ (3.14)
1/3

Notice that supp(x®) C supp(x) when ||x —x°||||x + x°|| < #,/”. Otherwise, using the condition |x° |y, >
21‘,11/ 6, we have

41,7 < |xn < [l =l + %7 < 1,7,
which is absurd. Without loss of generality, we assume

[ —x7[| < flx+x°].
Noting for each j € supp(x®), we can get an upper bound of the jth element of such x as follows

i1 > 57| = 1% = x° || > 1%°|mmin = 1,/ > [%° | min/ 2,

which together with the concaveness of the function '/ for ¢ > 0 yields that

1 _
> (sl o) = X bl (sl - )

j€supp(x®) j€supp(x®)
1 _
>3 > Il -7
j€supp(x®)
V2, 4i-172 3
> =22 Ik — x|l

2

If E, occurs, we conclude from the inequality (3.12), condition (3.3) and the above inequality that

F(x) — F(x°)

min

1 1 \/i)\ —1/2 L
> SGlk PP = ] (4 3 ) 2 e -]

1 1 1 _ _
> Sl (Gl el =2 (1,4 1 ) a = VAR )

1 1 L o1=1/2 -
> Sl Gllx =l =2 (1 ) o = VAN 1
20,

where the third inequality derives from the inequality ||x°|| < ||x + x°|| following from the assumption ||x —
x°|| < ||x+x°||, and the last is due to x satisfying (3.14).
Step 4). According to Steps 1)-3), we obtain

2t,« n 2 n
r
Gllx°l| ~ Glxe||n !

min {[|x —x°|[, [[X +x°||} <

if the random events E; and E, occur simultaneously. This, together with conditions (3.4) and (3.6) derives
that t, < r, and nr, > 1 for large enough n. As a direct result, we get

2t,0 N 2o tr <1 N 3a )
r — | r,.
Glxell  Gllxefn " Glxell) "

Therefore, combining the above inequality and lemma 3.1, the desired result is obtained. O
Remark 1. The work [47] considered the following corruption model

b- _ {<a,-,x°>2, 1'6]11,

Ei, iG]Iz,

where the index set I} and I, satisfy I; NI, = and I; UT, = {1,--- ,n}, and the indices i € I, are
chosen randomly. If the proportion of corrupted measurements is relatively small as stated in [47], the
condition (3.3) is also reasonable because I; C I(i)“. For the extreme case that (1.1) is not corrupted by any

8
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noise, it follows that Z{" = {1,--- ,n}. In such scenario, the condition (3.3) combing with Cauchy’s inequal-
ity and ||a;|| = 1 enable us to derive that for all u,v € R?,

1 n
CollullPlIvl? < — > {waiav)* < [ul*[Iv]?*,

i=1
or equivalently,

1 n
Collav™ P < =3 aiauvT)? < v,

i=1

This is a type of restricted isometry property condition for low-rank matrix recovery which is also applied
to PR problems with the LS formulation by SDP. Many random sensing designs are known to satisfy such
conditions with high probability. See the overview [50] for more details. For the linear model, the work
[39] states that the parameter « plays a key role in adapting to various noise types. Particularly, the authors
recommend selecting a sufficiently large o to robustify the estimation when dealing with heavy-tailed sym-
metric noise distributions. While the condition (3.2) indicates that the lower bound of «v does not need to
be excessively large and is instead related to E|e, |, this theoretical quantity is typically unknown in prac-
tical applications. Therefore, in implementation, the parameter « is commonly determined through cross-
validation to achieve optimal robustness.

Remark 2. In [51], the authors investigated the asymptotic properties of bridge estimators for the linear
model when p may increase to infinity with n but p = o(n/logn) ,i.e. plogn/n — 0. To establish consist-
ency and sparsity, their conditions on A can be simplified to Ay/ns — 0 and A(n/p)>/* — oo as n — oo for
the case where the bridge parameter takes the value 1/2 and s stand for the number of nonzero coefficients.
Moreover, they assume that the nonzero elements of x° in magnitude are bounded from below and above by
positive constants ¢; and ¢, i.e.

max [x7] < ¢
|7 1>0

< ‘Xo‘min <
This condition on x° is also employed by [52] to study the asymptotic properties of regularized LS estimat-
ors in sparse quadratic regression, which includes sparse PR as a special case. Although our condition (3.4)
is stronger than p/n — 0, it still allows the dimension p to be either fixed or diverge to infinity at a rate of
o(n/logn). In such scenario, the condition (3.5) permits that |x°| i, can tend to zero as n — co. Suppose
that A = (plogn/n)?/+/||x°|lo with o € (1/3,1/2). Then our condition (3.6) holds when the number of
nonzero elements of x° is fixed and x° is bounded as mentioned above. It is clear that such ) results in
A/11s — 0o and A(n/p)>/* — oo. Compared to the penalized parameter used in [51], the penalized para-
meter \ used here is larger, which is reasonable and aligns with our intuition, as (1.1) is more complex than
linear models.

Remark 3. Theorem 3.2 yields the rate of convergence
1
0z (1) = Or (AIx°ll5 / (I Ix°1F) )

which can be simplified to Op(A/ ||x<>|\é) under the assumption that the nonzero elements of x° in mag-
nitude is bounded from below and above by positive constants like in [51]. Notice that r,, can be chosen as
t,. Therefore, the rate of convergence is at most Op(r,) = Op(+/plogn/n) which is slower than Op(1/p/n)
for bridge estimators for linear model provided by [51], and Op(+/slog(p/s)/n) for PR provided by [46].
Here s is an upper bound of ||x°||o. According to the proof of lemma 3.1, one can see that the factor plogn
derives from the covering number of the unit sphere {u € R? : ||u|| = 1} and the quadratic relationship

n (1.1). Consequently, when p is fixed, the convergence rate simplifies Op(+/logn/n), and when p is diver-
ging at the rate p = o(n/logn) as n — oo, it improves to Op(+/plogp/n). It is worth noting that the con-
vergence rate in [46] is based on the £;-norm loss with bounded constraints and requires that the sparsity
of the optimal solution does not exceed s. Additionally, the upper bound of the £,-norm empirical risk of
the optimal solution must not exceed a certain constant, which is related to E|e; |7. In other words, their
results critically depend on the condition that the estimator itself satisfies certain properties to achieve the
claimed convergence rate. However, it remains theoretically unverified whether their estimation approach
can guarantee that these required conditions hold for the estimator. In contrast, our results impose no spe-
cific requirements on the estimator, relying solely on the measurement vectors {a;} and some controllable
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parameters such as A and . For the case p > n, we conjecture that, with the aid of additional conditions, we
can improve our result to

0z (VIxTolog (p/ 1) /)

for a locally optimal solution to (1.2). Concurrently, based on this rate, it is determined that the sampling
size can be significantly reduced.

4. Optimality theory

Recall that (1.2) minimizes the sum of two functions where the first term is smooth as x € R? and
the second term is / /,-norm regularization. This naturally renders us to employ PGM to solve it.
Remember that PGM can be interpreted as a fixed point iteration. In this section, we will prove a global
minimizer of (1.2) satisfies a fixed point inclusion. To achieve this aim, this section is organized into
three parts. First, we revisit the half-thresholding operator used for addressing ¢, /,-norm regularization
problems. Subsequently, we introduce the gradient of the function f{-), with particular emphasis on the
Wirtinger gradient for the case of complex variables. Finally, by employing the MM method, we derive
the fixed point inclusion.

[36] and [53] have provided real- and complex-valued iterative half-thresholding algorithms for solv-
ing ¢, /,-norm regularized minimization problems as follows.

Lemma 4.1. Any solution for the problem

. o 2 1/2
min |[v—&|1° + ullvil,);

can be expressed by the half-thresholding operator

My &)= (Xu (51)7X;L (52)7"'7XM (517))7

where

—3/2
2t 14cos <23’T—§arccos (‘8‘ (%) >)>, |1] >@u2/3,
X (1) = (

M/2)2/3 or 0, It = @HZ/S’

0, otherwise.

Remark 4. It is worth mentioning that the following two minimization problems with complex variables

inly— o+ 2, minly— 7+ (RO +Z(0)7)
min|v plv[7, minjy o v v

are equivalent, but the following problems
S 2 1/2 2 ( 12 4|1 1/2)
minlv— ¢+ 2, minlv— o2+ (R ()2 +1Z(9)
are not equivalent. Indeed, it is easy to check that if R(v)Z(v) # 0 then
12 1/2 2 2\ /4 12
RO)IZHIZ)> (RO +T0P) T =W

Therefore, one can conclude from the fact that (¢, (R(t)),.(R(#))) T and ¢, (t) are the optimal solutions
of the corresponding minimization problems that

(0 (R()) ~ R+ (2, @(0) ~ () + 1 (1o C(0) 2 + 0, (T () ?)
> (o (R (D) ~ R (D) + (2 (T(0) =T () + 1 (10 (T(9)* + 0 (Z() )/
> [@u(t) — 1 + plen (1)
10
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when |R(¢)] > \ﬁ 42/3 and |Z(1)] > ‘F ©2/3. This means that the complex variable setting can not be
treated in the fashlon that identifying x e (CP with X =[R(x) ",Z(x)"]T € R% minimizes F via the follow-
ing problem

. ~ 2
minf+ AJ|%])}73,

even though f can be regarded as a function in the real domain. By the way, there exists a similar relation for
[v|¢ with o € [0,1], i.e.

2

R+ > (RO +T0))" = ie

if R(v)Z(v) # 0. As a direct result, one cannot get the optimal solution of ming f+ A[|x||¢ via mingf+ A[|X][¢
(Especially, [|x||¢ stands for ||X[|o as ¢ = 0) even that the Huber function in f is replaced by the LS function.

We now provide the gradient of f(x). For the real-valued case, i.e. H = R, one can see that the gradi-
ent can be computed by

Zh (a;,x b)(ai,x>ai.

For the complex-valued case, i.e. H = C, it is clear that f(x) is not holomorphic and thus not differen-
tiable in the standard complex variables sense. In fact, a nonconstant real-valued function of a complex
variable is not complex analytic. Although f(x) has a real gradient when partial derivatives are taken w.r.t
the real and imaginary parts of complex variables, one must transfer from the mapping between C” and
R to R?" and R. This means that calculating f(x) directly in the real domain leads to producing awk-
ward expressions and cumbersome computation. Recall that the LS problem for PR is also not complex-
differentiable, and [34] introduced Wirtinger derivatives to deal with the non-differentiability. Following
a similar idea, we can study the gradient of f(x) in the case H = C with the help of Wirtinger calculus.
Notice that

Zh (a;,x)(a;,%) — b;) £ f(x,%).

By simple calculation, one can conclude from the chain rule that

zy (fai x> — by) (. %)al,

and

Zh (a,%)|* — b)) (a;,x)a;.
The Wirtinger gradient is defined as

V19 = | 3a)

with Vyf(x) = (% )" and Vif(x) = (% JH. It is easy to check that Vf(x) = Vyf(x). Then, the gradient
w.r.t. X can be derived as the form of

Zh (a,x)[* — b;) (a;,x)a;.
For ease of expression, we use the uniform notation
Zh (ai,%)] — b;) (a;,x)a;,

which implies that Vf(x) = 2g(x) for the case H =R and V,f(x) = g(x) for the case H= C.

11
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Below, we study the existence of the optimal solution X of (1.2) and employ the MM techniques to
solve it. To do that, we introduce the auxiliary function

B (5y) = ) + 2R (g(y) x —y)) + 5=yl + Al

for any x,y € HP. Here, 7> 0 is a tuning parameter. It is evident that F(x) = F.(x,x). However, it is
unclear whether the function F;(x,x) can serve as an upper bound for F(x) for any x,y € HP, as the
gradient g(-) lacks of the global Lipschitz continuity. The following two lemmas indicate that g(-) is
Lipschitz on a level set of F(-), and the minimizer of minycyy F-(x,y) is bounded for any y within that
level set. These results are crucial for proving that F.(-,-) serves as a majorizer for F(-).

Lemma 4.2. Given a bounded vector x° € HP, the level set S = {x € HP : F(x) < F(x°)} is nonempty and
compact. Further, it follows that

lg (x) ZHazH [l (4.1)

and

n

lg(x) =gl < %Z (llaill® +2r[fai]| ) [lx =yl (4.2)

i=1

for any x,y € B, where the ball B, is defined by B, = {x e HP : ||x|| < r} withr = (32>, [Jai[|* + 1)
supyes 1]l

Proof. Itis clear to see that x° € S, thus S is not empty. Note that the regularized term ||x|| iﬁ implies that
limyj| o0 F(X) = 00. Hence, S is bounded. The continuity of F(-) leads to the closeness of S. Then, the set
S is compact. According to the definition of g(-), the first inequality of (2.1) and Cauchy’s inequality, we
get (4.1) immediately.

Since the compactness of S leads to sup, ¢ ||x|| < 00, the ball B, is well defined. For any x,y € By, it is
relatively easy for us to obtain that

lg(x) Znh (%) — bi) (@08 — B, ([ y) P — by) oy
Znh (@, %) = by) (@i, x — y)ai|
o ZH (@)~ b))~k (|(ay) [ — b)) (@i
Z 1t (1@ ) = b3 |5, x — )|
o Zuz (a0 = by) — Bl (I{ary) P — i) [l )|
Zana,n =yl + Z|a,, ~ asy)Pllail

1 H
=;Z(a||a1-||2||x—y||+|<x—y> aaf (x-+y) llail v
i=1

n

1
<> (aflaill® + 27 lall*) [x =yl

i=1

where the second inequality derives from the triangle inequality, the third follows from Cauchy’s inequal-
ity, the fourth follows from (2.1), and the last is due to the fact x,y € B, and ||x|| + ||y|| < 2. Therefore, the
proof is completed. O

Lemma 4.3. For anyy € S, the minimizer X, of minycpy F-(X,y) with T € (0, 1] exists and satisfies
Xy € B;.

12
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Proof. Since the regularized term ||x|| 1;; implies that lim |y, F(x) = 00, we obtain the boundedness of

the set S’ = {x € H : F,(x,y) < F(x")}, which together with the continuity of F(x) implies that the minim-
izer X, exists and lies in §’ since the continuity of F(x) also results in the closeness of §'. Notice that

1
Fr (x,y) = f(y) + -l =y +278(3) I + M]3 — 27lg ) 1

due to the fact |ju+ v||* = [|u[|* + 2R (u*'v) + ||v||* for any u,v € HP. Since %y is the minimizer of
mingemr Fr (X,y) with 7 € (0, 1], we conclude from lemma 4.1 that

W

4
Iyll < 5 lly —27g ()| <

4 20 —
(||Y\|+2||g(Y)||)<§ <1+n E ||ai||2> sup |||,
i—1 XES

where the second inequality derives from the triangle inequality and 7 € (0, 1], the last thanks to the
inequality (4.1) and y € S. Recalling the definition of B, in lemma 4.2, we complete the proof. O

With the help of the MM techniques and lemmas 4.1-4.3, we derive the existence and further
provide a necessary condition for the optimal solution to (1.2).

Theorem 4.4. (Fixed point inclusion) There exists a global minimizer X which lies in the level set S, and further
satisfies the fixed point inclusion

x € Hyr (x—27¢(x)) (4.3)

forany T € (0,min{1,1/L}] withL=4%""_, (o +2r*||a;||*)|ai||*/n for the real-valued case and
L=2%"_(a+27|ai|?)|ai]|*/n for the complex-valued case.

Proof. Due to the continuity of F(x), we obtain that the global minimizer of (1.2) must exist and
lie in the level set S. Noting that the ball B, is defined by B, = {x € H” : [|x|| < r} with r=3(1+
22357 [lail|*)]]) supyes x|, we have S C B, and x € B,.

It is claimed that

F(x) <F.(x,y) foranyx,y€ B, (4.4)

for any 7 € (0,min{1,1/L}]. The equality holds clearly. We now prove the inequality for the case H = R.
From the mean value theorem, it implies that

fx) =f(y) +(Vf(y),x—y) +(Vf(y+0(x—y)),x—y),

where 0 € (0, 1). It then follows from the definitions of F, and g, Cauchy’s inequality and lemma 4.2 that

F(x) =F; (x,y) +(Vf(y+0(x—y)) — Vf(y),x—y) — %HX*YHZ

<E(xy) + IVAy+0(x—y) = VW lIx—yll - %HX—YHZ

2 1
SE(xy)+ 2> (a2 fail) fail*lx =yl = o x—y]?

i=1

1 1 4
=F, (x,y) — EHX—YHZ (T - ;Z (a+277ai]?) ||ai||2>

i=1

< F-(x,y),

where the last inequality follows from the condition 7 € (0,min{1,1/L}] with L=4>""_ (a+
2r%||a;||*)||a;||* /n for the real-valued case.

13
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Next, we prove the inequality for the case H = C. By lemma A.2 in [43], we have
F(x) = f(x) + Allx]}/3
1 X H
- 1/2

=0+ [ (322 s ey ar Al

1
=)+ 2 [ R(x=ygly+ elx=y))de Al
=1(y) + 2R ((g(y) . x—y)) + Ax][}/3

+z/0 R((x—y.g(y+t(x—y) —g(y)))dt

(4.5)

=F; (x,y) +2/0 R((x—y,g(y+t(x—y)) —g(y))dt— %HX*YHZa

where the second equality follows from Vf(x) = Vf(x). Combing (4.5) and lemma 4.2, we conclude that
1
1
) = Frlxy) +2 [ R((x=ygly+ ox =) —gly)de = -x—yl°

1
1
< Fr(x,y) +2/0 Ix—ylllgly + t(x—y)) —g(y)lldt — ;HX—VH2

1 ! 1
<Erlxy) + 5 3o 2Pl lx -yl [ 2ne—x—yl?

i=1
1 1 2«

lx—yll*(= - ;Z(a+2f2|\af|\2)\laf\|2)

:FT 5 -5
(xy) =3 P8

< Er(x,y),

where the last inequality is due to 7 € (0,min{1,1/L}] with L =2%""_, (o + 2r*|a;]|*)|a;|? /7 for the
complex-valued case. Then we get the inequality of (4.4).
Let X; € arg m%} F,(x,%). Lemma 4.3 leads to %; € B,. According to (4.4), we can draw the following
xXE

conclusion
F(X) =F; (%,X) > F; (%¢,X) > F (%) > F(%),

which yields % € arg mgl]? F,(x,X). Obviously, minimizing F (x,y) w.r.t. x € HP is equivalent to
p<S

) B 2 1/2
min [jx—y+27g(y) [+ 27 |x]] 5.

It then follows from lemma 4.1 that (4.3) is satisfied. Thus, the proof is completed. O

5. Convergent algorithm

5.1.MM

Theorem 4.4 has provided a globally necessary optimality condition that may not hold at the local min-
imizers. It is worth mentioning that x,(¢) does not have a unique value when |t| = @ p?/3. In the
implementation, we take X, (f) = 0 for such case, i.e.

—3/2 5
o () = §t<l—|—cos (?—garccos <’; (%) ))), if |¢] >@M2/3.
L ()=

0, otherwise.

According to (4.3), the iterative scheme for solving (1.2) can be given in algorithm 1.

Note that an important step is the computation of 74, which balances the speed of reduction of the
objective function F and the search time for the optimal length. According to theorem 4.4, the ideal
choice of 74 depends on L, however, it is hard to calculate since r is unknown. A practical strategy is to
perform an inexact line search to identify a step length that achieves adequate reduction in L. Therefore,

14
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Algorithm 1. MM for solving (1.2).

1 Input: Data {a;, b;}, parameters \, o, v, 3, §, e = 107°.
2 Initialize: Spectral point x%, let k=0, j = 0, 7o = 3.

3 while ‘not converged’ do

4 (Step 1) Do

X =, (xF — 21 VAXY)),
where 7, = 3/ and ji. is the smallest nonnegative integer such that
F(x) — F(xH) > g|x" ! — b~ (5.1)
5 (Step 2) Check convergence: if

[ — x| < emax{1, x4},

L otherwise, set k <— k+ 1, and go back to Step 1.

6 Output: x.

we adopt the Armijo-type line search in algorithm 1. It requires finding the smallest nonnegative integer
jk such that (5.1) holds. Analog to the proof of lemma B.3 in [52], we can prove that the set of such
integers is nonempty and further find such integer j; successfully.

Lemma5.1. Let 6 > 0,7 > 0,3 € (0,1) be any given parameters. For any given bounded initial vector x° € HP,
there is an integer ji € [j,0] such that (5.1) holds where

j:

0, if y(L+6) <1,
—[log,v(L+9)]+1, otherwise.

For the sake of completeness, we provide the detailed proof in the appendix.

5.2. Convergence analysis
In this subsection, we will analyze the convergence of the sequence {x*} in detail. To begin with, we first
provide the following lemma.

Lemma 5.2. Assume that {x*} and {7y} are the sequence generated by algorithm 1. Then, {x*} is bounded and
€ YA

Proof. It follows from lemma 5.1 that {F(x*)} is monotonically decreasing. Then, we have {x*} C D C B,,
thereby proving the first part. Using the definition of 74 and lemma 5.1, we can further prove the second
part. O

Using the above lemma and the definition of x, (), we can show subsequence convergence of the
proposed algorithm.

Theorem 5.3. (Subsequence convergence) Assume that {x*} is the sequence generated by algorithm 1. Then the
following conclusions hold:

(i) {F(x*)} decreasingly converges to F(x*), where x* is any accumulation point of {x*};
(if) Timy o0 X! = x| = 0;

(iii) Every accumulation point of {x*} satisfies the fixed point inclusion (4.3) for a positive constant T € [y, ).

Proof. (i) Since {x*} is bounded, it has at least one accumulation point. Recall that F(-) > 0 and {F(x*)} is
monotonically decreasing which is due to (5.1), it indicates that {F(x*)} converges to a constant F*(> 0).
According to the fact that F(-) is continuous, we have {F(x¥)} — F* = F(x*), where x* is an accumulation
point of {x¥} as k — oo.

(i) From the definition of x**! and (5.1), we have

n

ZHXHI _xH? < (Zszi: [F(x) — F(x1)] =

k=0

[\

[F() —F(x")] < 5F(x).

ST S)
>

Hence, Y, |[x**! — x¥||* < oo and ||x*! — x*|| — 0 as k — oco. Therefore, (b) is derived from the second
result of lemma 5.2.
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(iii) Because {x*} and {7} have convergent sequences, without loss of generality, assume that
X 5 x*and 7, — 7" as k — 0. (5.2)

It suffices to prove that x* and 7* satisfy (4.3). Note that combing the iteration x**! = H, (x* — 27, V(x¥))
and lemma 4.1 enables us to derive that for any x € H?,

F, (xk+1,xk) <F, (x,xk) .

This, together with the continuousness of the function F, (-, -) and the limit (5.2), implies that for any x €
HP,

F"'* (X*,X*) = kli)n;oFTk (xk+1axk) < kli>noloFTk (X,Xk) = FT* (X,X*) .

As a direct result of the above inequality, one can see that x* € argmingepy Fr+ (X, X*). Again using lemma
4.1, we complete the proof. O

We next discuss the whole sequence convergence and rate of the proposed algorithm. To use the KL
technique, we first study the subdifferential of the objective function for the real-valued PR. According to
lemma 2.3 in [54], it has
P s ife x#0
0 (IXI12) = S en Ty () with 7y (x) = § T X7 0
i=1 R, otherwise.

Then, the equality in lemma 2.2 leads to
4
OF (x) = V(%) + 1D _ e, T (x).
j

It is worth pointing out that the KL property is not applied to complex variables directly, then we
will transform complex variables into real-valued cases. For any x € C?, denote x = (R(x)",Z(x)")"
and

R@)R(a) +Z(a)Z(a) Z(@)R(a) —R(a)Z(a)"
R@)Z(a)" —T(a)R ()T Ra)R(a) +I(a)Z(a;)"

i =

For each j = 1,---,p, define

Through simple calculation, one can get
|<ai7X>|2 :iTAii, i=1,2,--,n,

and
1/2 ?
=l =) w2,
i=1

which yields that

£(x) = F(%) and F(x) = F(%).

Here, f(X) := 13" ho(XTAX — b;) and F(X) := f(X) + AT |[Wix||!/2. It is not hard to check that

Tl R(Vif(x))
VI®) =2 (I(vxﬂx») '
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Moreover, it follows that

1
Fr(xy) = fy) + =[x —y -+ 278 () I + Al 73 — 27 (v)

= F5) + - %= 7+ 7T I + Ml /2 = ZIVF@) I

I”

P
~ ~ N 1 N 5 5
=f0) + (V)X =) + - [K=¥I” + A WIS,
j=1

where y = (R(y) " Z(y)")".
We turn to consider the differentiability of Zf:l [W;||'/? based on the 2p-dimension variable X.
One can easily get

2

Wix . -
s Wil #0,
R, otherwise,

p p
O D_IWl? ) = W T (X) with T;(%) =
=1 j=1
and then
~ ~ p ~
OF (%) = VAX) + A Y W/ T;(%).
j=1

Denote () = 1 (u) + b (u), where ¢, () = 77, ho(u"Biu—b;) and ¢ () = 37_ | Djul|'/2.
For 7> 0, let

1
Yy (w,v) = (V) + (V) (v),u—v) + > lu—v|? 4 A, (u).
Based on these notations, we introduce the following two minimization problems

min® (u) and min u,v).
uER"’dJ( ) ueRdwT( ’ )

It is not hard to check out that the functions ¢ and 1, coincide with F and F, by taking u=x,B; =
a,-aiT, D, = e;j and d = p for the real-valued PR case, and by u =x,B; = A;, D; = W; and d = 2p as illus-
trated above for the complex-valued PR case, respectively. We also see that the above two minimization
problems are equivalent to (1.2) and mingepp F,(X,y), respectively.

We also need to discuss whether the objective function 1) (u) satisfies the KL property. The following
result combined with lemma 2.3 provides an affirmative answer.

Lemma 5.4. Both h,(u) for u € R and | Djul|'/? for u € R? are semialgebraic.

Proof. By the definition of semialgebraic functions, it suffices to prove that the graph of h,, (1) denoted by
graph, isa semialgebraic set. In fact,

graph, = {(u,1) € R*: ho (u) =t}

1
:{(u,t)ERz:t—zuzzo,uz—a2<0}

1
U (u,t)eRz:t—au+2a2=0,—u+a<0}

1
U (u,t)G]Rz:t+au+2a2O,u+a<0}

U

{
{
U{(u,t)ERz: <t;a2)2+(ua)z—0,t+u;a2a1<0}

2
1 1
(u,t) € R?: (t—zaz) +(u+a)2:0,t+u—2a2+a—1<0}.

It indicates that h,, (1) is semialgebraic. Moreover, the following statements hold,
{(u, f) eRPH: [Dpul/? = t} = {(u,f) e R [Dju|? — £ = 0,~t < 0}
U{(u,1) eR*" ;| Dju|]> + ¢ =0,||Dju|* + —1 <0},
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thus we obtain that || Djul|!/? is also semialgebraic. O
Now, we are ready to discuss the whole convergence with the help of the KL technique.

Theorem 5.5. (Whole sequence convergence) Assume that {x*} is the sequence generated by algorithm 1. Then
the whole sequence {x*} converges to a vector satisfying (4.3) for a positive number T.

Proof. Recall that the iteration formula (5.1) can be regarded as a solution of minyemr Fr, (X, xk), ie.
Xl e argmin F;, (x xk) .
xeHP k ’

Denote uf = x* for x* € R?, and u* = (R(x*) T, Z(x*)T) T for x* € CP. We can rewrite the generated
sequence {x*} via the new notation as {u*} which satisfies

utl e argllllglg ¥, (u,u"),
and
¥ (u) = () > 0wttt — w2 (5.3)
For each k, we conclude from lemma 2.2 that
0e2 (ukJrl —u 4+ 7V (uk)) + 270 (uk“) )

Combing this and (2.2), we obtain that for each k,

7t (W =) + vy (W) = Wy (uF) € Vi (Ut 00y, (uf ) =0y (uf ). (5.4)
Noting that u*, u¥*! € {u € R?: ||u|| < r}, we conclude from (4.2) that

IV (01 = Vi () | < Lju =

which together with (5.4) and lemma 5.2 results in that

dist (0,09 (u*t)) < [|77 " (v =) + vy (W) — vy, (W) |

S L R A |

< (y'B7 L) b -,
From theorem 5.3, we know that there exists a subsequence {u*} and a cluster point u* such that
u¥ —u*asj— oo and ¢ (u*) — ¢ (u*) ask — oo, (5.5)

This leads to v(u*) > ¢ (u*) for all k. B )
For the case that there exists an index k such that 1)(u*) = ¢(d). Then, the monotonicity implies that
(uFt1) = o) (d). As a direct result the equality and (5.3), we have

0< 5”“% _u%-s-l”z < (u%) — (u%+1> —o,

and then uf = uF for any k > k. This means that the whole sequence {u¥} converges to the point u* with

u* = uk.
We next prove the desired result for the case that Y (uk) > ¢(u*) for any k. The second limit in (5.5)
implies that given 7 > 0 there exists an index k; such that 1)(u*) < 1 (u*) for any k > k;. Therefore, it follows

that
P(u*) < (u') <y (u)+n (5.6)

for all k > k;. Denote Ay = ¢(1)(u¥) — ) (u*)). From lemmas 2.3 and 5.4, we conclude that 1 is a KL
function with ¢() = ct'~¢ for some ¢ > 0 and rational number g € [0, 1). Combing this, ¢ (u*) > 1 (u*)
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and (5.5), we obtain that Ay > 0 and Ay is monotonically nondecreasing for all k > ky. Further, it follows
that for any k > ki,

A= Dipr = ¢/ ((u¥) < () (W (") — ("))

m(w(uk) —p(u*th)

5wk — b1 |2
~ dist(0, 1) (uk)
5Huk _ uk+1 ||2
T (BT D juk — ek

>

which together with the elementary inequality 2v/st < s+t > for any s,t > 0 yields that

“1i4+L
2|ut — " < 2\/75 (A= D) [uk =

L (5.7)
(W) 1 e
<A (A= Ap) + -

We now prove the sequence {u*} is a Cauchy sequence. Given any ¢ > 0, we also conclude from (5.5) that
there exists an index k, such that 1(u¥) — 1 (u*) < << where ¢ is a positive number satisfying

1

0 -\ 1 N\ 1 1
¢ < min 47<5<2C(’75]> +L) ) S elzmin{ez,eﬂ}.

Denote A = ¢(1h(u¥) — 1b(u*)) and ks = max{k;, k, }. Since ¢(t) = '~ for some g € (0,1), ¥ (u¥) >
¥ (u*) and (5.5), we obtain that Ay is monotonically nonincreasing and Ag € (0,c(g)'~¢) for all k > ks.
Take two arbitrary indexes K; and K, with K, > K; > 123. According to (5.7), we have

K—1 (,yﬁf)71 S+ LK1 K—1
23 ot b < TN (A A+ Y
k=K, k=K k=K,
-1
(761) +L K—1
= A (A A+ Y e o
k=K

N\ -1
(’Yﬁ]) +L K,—1
<A At ) [t -
k=K,

where the last inequality derives from Ag, > 0. Subtracting the second summand from the right-hand side,
we get

-1
K—1 (ng) +L
D I € A A o
k=K,
A -1
(W) +L
< =~ 7
)
19
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where the last inequality derives from that K; > 123 > 121 and Ay is monotonically nonincreasing as k > 121.
Combing this, (5.3) and the nonincreasing monotonicity of ¢(u), we get

K1
e —uf < Yt
k=K,

< (75])5 +L¢>(¢ (uzg)_w<u*>)+\/w(u’“‘l)d—w(u“)

<(W)5 +L¢(w(u’%)—¢(u*))+ w<uk3);w(u*)

(%Bj)_l +1 cer\'7e g
ST C(T) i
<€,

where the third inequality derives from 1 (uf =) < z/J(u}%) and 9 (uf") > 1 (u*), the fourth follows from
upper bounds of 1 (u*) — )(u*) and Ay as analyzed above, and the last inequality is due to the definitions of

¢ and €;. Thus, the sequence {u*} is Cauchy sequence. Therefore, we prove that {u*} converges to u*.
O

5.3. Convergence rate

When it comes to estimating the convergence rate, it is well known that the KL exponent plays an
important role. As stated in [55], the KL exponent o € (0,1/2] corresponds to a linear convergence
rate, and ¢ € (1/2,1) corresponds to a sublinear convergence rate. Nevertheless, it is not an easy task

to estimate the KL exponent, especially to verify whether it is strictly smaller than 1/2. Under mild con-
ditions, we check that ¢ may have KL property of exponent 1/2 and then prove the proposed algorithm
converges with a linear rate.

Theorem 5.6. (Convergence rate) Assume that {x*} is the sequence generated by algorithm 1. Then the whole
sequence {x} is convergent and converges at least sublinearly to a vector X* satisfying (4.3) for a positive
number 7. Further, if there exists a positive constant €; < « such that

3\ .
Amin Z Hi) >3 Z [Hill2 + I;gf}ﬂx] |72 (5.8)
|(x* 2] x* ) —bi| <a—e) |1 aaTx#) —bil—a| <e

for the real-valued PR, and

T 7 3A x| —3/2
Amin ) Z H;| >3 > il + = o [[Dx" (5.9)
[(x*, Aix*) —bi| <a—ey |\(i*,A,~i*>*b,~\*0¢|<61
for the complex-valued PR, then the whole sequenfe:{xk} converges to the point X* with a linear rate. Here,
H; = 1(3(a;,x")? — b)ar-aj. and H; = L2A] 7 %2, (ff*)TAjF*F* + (& AR*) —b)A] ) with
={=1-,p: e;jx* #0L % =(R(x*)", I(x*)") T andT* =T*U{p+j:je*}.

Proof. According to the proof of theorem 5.5 and notation, both the sequences of {x*} and {u*} have the
same convergence property. So, we only need to prove the convergence of the sequence {u*}. Recall that 1 is
a KL function with ¢(t) = ct!~¢ for some ¢ > 0 and rational number g € [0, 1). The sublinear convergence
rate of the sequence {u*} can be derived by applying the generic rate of convergence result in [55].

We proceed to prove the liner convergence rate under (5.8) or (5.9). Based on the definition of the oper-
ator H and theorem 5.5, the sequence {x*} converging to x* implies that there exists an index j; such that
{j=1,---,p: e;jxk #0} =TI'* for all k > j,. So, it suffices to prove that

Xk, — X (5.10)

with a linear rate.
Let u* = x* forx* € R? and u* = (R(x*) ", Z(x*) ") T for x* € CP. We also make use of the unified
notations Y* and B; to respectively represent I'* and a;a;” for the real-valued case, and I'* =T U {p+:
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j€T*} and A, for the complex-valued case, respectively. For any w € RIT"|, define i)y (w) = 1+ (W) +
Athyy« (w) with

o 0= 13 (W) and e )= 3 0wl
jer=

where | Y*| represents the cardinality of the set Y*. For any u € RY with {j = 1,--- ,p: elju #0} C YT itis
clear to see that

Y1 (u) = Yiy- (ay+), 9, () = oy« (uy+) and ¢ (u) = Yy- (uy-).

Then, ¢y~ is continuous differentiable with the following gradient
v,(/}lT* Zh ( TBT ’I‘* bl) B;r*’r*w7

and ,~ is twice continuous differentiable with the following gradient

Divw
Virr- (W)=Y D} Al

’r* DT
2P 2Dy Wl
Beyond these, we have

(Vi (). = Vihror« (ur+) and (94 (). = Vibor- (ur-),

and then

(0% (0)) e = Vhiy« (uy=) + AVahyyr« (uy-).

Recall theorem 2 in [55], then the statement (5.10) holds if ¢~ satisfies the KL property at uy.. with an
exponent of 1/2, i.e. the desingularizing function ¢(-) can be chosen as ¢(t) = ct'/? for some ¢ > 0.

We now prove the function ¢y~ has the KL property at u}.. with an exponent of 1/2. Denote w* = uX..
and £; = 5 min{1, minjcr- |e;:jx*|}. Since x* satisfies (4.3), we have

u* € argmin ¢, (u,u”)
ucR4
for some 7 > 0. Combing this and lemma 2.2, we get

0 € Vi (u*) + A0y, (u¥),

which leads to

Vs (W*) = Vv« (W*) + AV s (W*) = Vv« (ur*) + AV s (ur*) =0. (5.11)

From the similar line of the proof in lemma 4.2, we conclude that

n

1
[Vihrr (w) = Vihrr- (W) || < ;Z (o (1+2Bill2¢7) ) [1Bill2 ] lw* [l w — w]|, (5.12)

i=1
for anyw € {w: ||w —w*|| < 1 }. We now turn to the second-order differentiability of i)y-. By simple cal-

culation, one can get the Hessian matrix of 1,v+ at w as follows

T
D]'r* Dj’r* 3D s D]T*WOW D]'r* D]’r*

Ve (w) = - ’
Yore (W)=Y <2||Dj~r*w3/2 4||Djr-w|[7/2 )

jer-

which implies that
V2 4hr- (W) |2
B Djy.Djv-  3D/y.Djr-ww ' Dy Djy-
=Y I2

A\ 2IDjr- w2 4| Djr-wl|7/>

s oI D 3Dy Djy-ww ' D¢ Djy- I
s Djrs — 2

e 2D, wr*WIP/2 e 2||Djr-wl?
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Combing this and the notation of Djy-, we obtain that

V2420 (W) |2

3D; *WWTD-T*
Y e (1 T DL Dy |
2D T*W\|3/2 2Dpewl? )

JEF*
-1 2Dy w72 i D
/2] ]
& 2IIDT wl|
1 1
< - max || Djp-w||~ 2 = max [|w;|~ i
4 jrer- 4jer
o aT
as Djy- = (e, ;) v+, and
3D~T*WWTD1}*
—— DL ([L—-—— 1 | Dy
V=92 ( HZ\HZZHD w3/ ir ( 2||Djy-wl|? i~ || 2
jer=
1 —3/2
<2II€1aX||DjT*W|| /
as

el
Djyr+ = Wjy- = L 20, } .
2p,p+jd

Combing the above upper bounds and the mean value theorem enables to us derive that
1
V= (W) = Vihor= (W) || = || / (Viipe (W* +t(w—w")),w—w")d|
1
< / IVt (Wt (w—w)) [|2[[w — w*[|d,

1 1
< 7/ max || Dy~ (W* + t(w—w)) | 7*/2d|w — w*| (5.13)
2 n JET™

1
<smax sup  [Dyew] 2 w—w|
2 jer lw—w=||<es /

< 2max [ Dye- w72 [w — w||
jer=

for any w € {w: ||[w — w*|| < £ }. Recall that the second inequality of (2.1) implies that 1i.. :=
h! (w B T w—b;)BY T wis locally Lipschitz continuous for each i = 1,- - ,n. Then, the generalized
Jacobian matrix of 1! .. at w, denoted by J(1/i...; W), is the set of matrices defined as the convex hull of

{M: 3w — wwith )i . differentiable atw;and ] (1//&* swi) = M},
where J(¢)!r..;w;) is the Jacobian matrix of 1/i... at w;. It is easy to check that

M (w), if(w,BT T 'w) < a,
J (¥iresw) =< {0}, if (w,Bf T'w) > a,
{/@iMi (w):k; €]0, 1]}, if (w, BiT*T*w> =a,

where

M (w) = (ZBZT*T*WWTB,T*T* + ((w, BT T w) — bi> B,T*T*) .

| =

As a direct result, we have

”](T/Jir*' )HZ ||Ml( ) 2 (5.14)
Notice that there exists a small enough number €, € (0,£,] such that for any w € {w: ||w — w*|| < &2},

max [(w,BY " w) — (w*, B T W) < e
1<ign
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which together with triangle inequality results in
(W B W) = bif — e < [(w, BT w) = bif < [(w' BY T W) —bif e
Define I (w) = {i =1, ,n: [(w,BY T w)—b;|<a},Tg(w)={i=1,--,n:|(w,BF T w)—b|>a},

e ={i=1,-,n: \(w*,BII*T*w*> —bi|l<a—¢g},and Y ={i=1,---,n: |<w*,Bl~T*T*w*> —bi|—
al < € }. Foranyw € {w: ||w—w*|| < &,}, then, we have

F?)el - {l = 17 yn: |<W7B1T*T*w> - bl| < O[} - ]-—‘(lx (W) c ]-—“l)é761 U]'—‘Zo"ﬁlv
and rewrite ¢y« (w) as follows

e (W)= Y e (W) Y Yy (w

i€l (w) iels (w)
Z Pl (W) + Z Uiy (W Z iy (W
ier e i€l (w)\Iy ! i€l (w)

2 8 (W) + 9 E (W) + 9 (w).

From the above analysis, one can see that both 1/)%)* and 7/1%) are continuous differentiable and the corres-

ponding Jacobian matrices at point w coincide with the Hessian matrices, i.e.
1. 2 _ i
J(0sw) = V2ol (w) = > M (w),
iery©

and
3
1(35w) = Vol (w) =o.
The generalized Jacobian matrix of 1/)%) at w satisfies

I( f?*;w> - Z 7/111'*, Z ] 7/)1“1‘*7 )

i€D (w)\I'[" ! i€y !

which together with (5.14) and the triangle inequality yields that

I (fw) 2 < D2 M) [ <32 (M (W) [+ 1M () = M (W) ).

i€y ! ey !
Therefore, the generalized Jacobian matrix of 1)y~ at w satisfies
J (=5 w) C](il)l'r*' W) + AV - (W)
C]( 17 W ) +]< %l;w) +]( %)*;w) + AV ore (W)
= V20 W)+ (3 w) + ATz (W),

which together with the above inequality yields that the smallest eigenvalue of J(1)v+;w), denoted by
mm( (Q,ZJT* ) )) satisfies

Anin U (0+:W)) = i (245 (W) = 17 (932 5w) 12 = AV ()
> Mo (V12 ()) = 1| D2 M (W) [l = |V 2ie (w)

i€y
= D0 IMI(w) =M (W) 2 = AV (W)~ V0re ()
ier;™ (5.15)
> Ao (V203 ) = [ D2 M (W) [ = AV () 2
i€l !
~ [V W) = VPO W)= D MU (w) — M (W)

€]

i€l
= AV« (W) = Vhrs (W) -
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Noting I'{"“" = I'** and taking a sufficiently small positive number €3 < &, such that

€2

V20 (w) = V202 (W) [ < 5

i Y €
> IM ) M W) o< 2
i€y !
and
€
M|V (W) — Vs (WF) |2 < 52

forany w € {w: ||w — w*|| < &3}, we conclude from the conditions (5.8) and (5.9) and the inequality (5.15)
that

€2

)\min (](1/JT*7W>) = 3

(5.16)

Forany w € {w: ||[w — w*|| < &3}, by theorem 8 in [56], we obtain that there exist real numbers oy, vec-
tors wy, matrices My, I = 1,--- ,m such that w; > 0, w; lying in the segment [w,w*], M; € J(t)y~,w;) for all ],
>, @ =1and

Vipr- (W) = Viprs (') =Y oMy (w—w"),
=1
which together with (5.16) leads to

IV (w) = Ver- (w*) | = [| Y oMy (w —w") |
I=1

m
€
2 Amin (ZwlMl> [w—w"[| > ?ZHW—W*H.

=1

(5.17)

It follows from (5.6) and t)(u) = 1)y~ (uy~) that the set {w : Py« (W*) < by« (W) < by« (W) + 1} is
nonempty. For any w € {w : ¢y« (W*) < ¢y« (W) < oy« (W*) +n} N {w: ||w—w*|| < &3}, we conclude
from the mean value theorem, (5.11), (5.12) and (5.13) that

0 < tye (W) — Y= (W)
(Vb= (W* + t(w—w")),w —w")
= (Vb (W* 4+ t(w = W")) = Viy« (W), w = w") + (Vo= (W), w — w")
= (Vipr« (W +t(w—w")) — Vibr« (W), w—w")
< Vipr= (W + 1w —w")) = Vipr« (W) ||| w — w"|
< X

) = Vihres (w)[[[w —w|

where Ly« = %Z” (o + (1+2||Bi][283)) |Bill2||w* ] + 2\ maxjer-

i=1

and (5.17), we then get

Djy-w* || =3/2. By the above inequality

€2

1/2
3L,

dist (0, Vibr- () > T lw—w'| > 75 (e (w) — - (W)

1/2

. . . . 3L« .
This means the function ¢y« satisfies the KL property with ¢(t) = e—ftl/ 2 at the point w* = u%.... Thus, we

complete the proof. O
Remark 5. To show the reasonableness of (5.8) and (5.9), we take the real-valued case as an example.
Consider the matrix H;(x) = 1(3(a;,x)> — b;)ajroa,1.. which can be rewritten as

2 1
H; (x) = Z<a,~,x>2aipoa}o - ;&aipoa}o.
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It is easy to check that
{i=1,,n:[(x°aa'x°) —b|<a—e}={i=1-,n:|g|<a—e}

1

and
{i:1,~--,n:|<x°7aia,»—rx°>—bi\—a| <ea}={i=1-,n:|lg—a|<e}

Similar to the proof of lemma 3.1, one can see that both

1 1
H; Z Eiairoa}onz and ||; Z siaipoa,-—;oﬂz

lei|l<a—e ||€,‘|70(|<61

are very small with high probability. By simple calculation, we also have

2 1
> Hi(x*) <l > <ai7X°>2aiF°a}on+;H > careap|s

|leil—a| <e |leil—a|<e |leil—a|<e

1
> Hai\|4HX°||2+;|| > careap|.

|\s,-|fa|<€1 ||s,-|fa|<el

RS

Take €; = (1— po), and then {|e;| < — e} =Zi" and {||ei| — a| < &1} C {i: |ei] > poar}. Given the con-
ditions (3.3) and (3.6), it is not hard to check that

2
Moo [ 5D (@x) areae | >26,x°)?

leil<a—e;

and Amaxjocro [x7 | ~3/2 is very small. Therefore, in the corruption model mentioned in remark 1, the above

analysis implies that

leil<a—e;
>\ 2 )2 T 1 T
2 Amin | > (aix°)areag. _”H > caireael
lei|<a—e lei|l<a—e
3 _
231 Y, HiG) 2+ A max x| 72
||£,~\7a|<el

when the proportion of corrupted measurements is relatively small and ||a;||* = 1 for eachi = 1,--- ,n.
Further, since each H;(x) depends continuously on x, the residuals |(x,a;a.,” x) — b;| are continuous in x, and
the factor maxjere |xj| =2 is continuous in a neighborhood of x° (because |x7| > 0 for j € I'®), the same
spectral gap inequality remains valid throughout a sufficiently small neighborhood of x°. This means that

condition (5.8) is reasonable.

6. Numerical experiments

This section conducts numerical examples to illustrate the superiority of the proposed method with sev-
eral popular methods, i.e. M-RWF [30], M-MRAF [31], LOL1-PR [29], LAD-ADMM [32] and L1/2-LAD [33].
All experiments are implemented in MATLAB(R2018b) on a laptop with 8GB memory.

6.1. Setup

For the parameters A and «, they are both tuned by cross-validation techniques. Particularly, « is set

as 1.345 for noise cases and 0.1345 for outlier cases, respectively. The initial point is generated from
the spectral initialization based on [34] like in [30, 31, 33] for real-valued cases, and chooses the vector
that sets all but the largest (in magnitude) 2s elements of the spectral initialization to zero for complex-
valued cases. It is worth mentioning that the sparsity s has a certain influence on simulation results.
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Figure 1. Success rates versus 1n/p for signal examples: (a)—(c) are the results for real-valued cases, (d)—(f) are the results for
complex-valued cases.

Considering the number s is unknown for some cases, a rough estimate of s from the priori informa-
tion is taken. Of course, one can replace 2s with another number not far from s. According to [34, 57],
the relative error is determined by

. . ||1A( - ei‘gxtrue ”
relatlve error= mim —s———

0€[0,27] thrue” 7

where X denotes the solution obtained by optimization solvers and X, denotes the true signal. We say
that the recovery is successful if the relative error is less than 5 x 107. The success rate is the percentage
of the successful numbers over 50 Monte Carlo runs.

In order to evaluate the performance of all compared methods, we consider three different types of
noise {¢;}"_, as follows.

e Type-I: Dense bounded noise [30], which is generated independently from the uniform distribution
U(0, 1), where g = n||Xyyel|? and n=0.1.

e Type-II: Laplace noise [35], which is generated independently by Laplace(0, 11/+/2), where p =
n\/ >oi_, b} /n with n=0.1.

e Type-III: Outliers [31], each measurement b; is corrupted by U(0, ||X¢ye||?) with Bernoulli(n) and
n=0.1.

6.2. Signal examples

In this study, we fix p=128 and s=12. Assume that a; € H” are generated from i.i.d. standard normal
distributions, the s-sparse vector Xy, € HP is generated from Gaussian random vectors, and the number
of measurements 7 varies in the candidate set {p,2p,---,10p}.

Figure 1 shows the success rates versus #/p for real-valued cases marked with (R) and complex-
valued cases marked with (C), respectively. It can be seen that for complex-valued cases, the success
rates of our proposed method are the highest among all comparison methods, and are far higher than
other comparison methods for real-valued cases with Type-II noise. This suggests that the proposed
method is robust for all selected noise, ranging from Gaussian noise, Laplace noise and outliers.

In addition, the corresponding running times for n = 2p,4p,6p, 8p, 10p are listed in table 1 and
table 2, respectively. Moreover, the best results are marked in bold. For all cases, the proposed method
performs very stably and takes less than 1 second, outperforming LOL1-PR, LAD-ADMM and L1/2-LAD.
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Table 1. Running time (in seconds) under different n/p for real-valued cases. The best results are marked in bold.

M-RWF M-MRAF LOL1-PR LAD-ADMM L1/2-LAD This work
Type-I n=2p 0.01 0.03 9.74 0.50 66.16 0.41
n=4p 0.01 0.03 17.64 10.70 75.90 0.22
n=6p 0.01 0.04 23.96 68.28 92.50 0.18
n=8p 0.02 0.04 31.07 308.14 111.75 0.26
n=10p 0.02 0.05 37.05 356.20 126.22 0.22
Type-II n=2p 0.07 0.17 15.64 0.59 95.26 0.50
n=4p 0.32 0.80 25.74 7.94 110.99 0.26
n=6p 0.50 1.24 37.21 88.32 150.70 0.33
n=8p 0.72 1.76 54.02 427.12 209.31 0.32
n=10p 0.89 2.18 64.11 565.66 224.93 0.41
Type-IIT n=2p 0.01 0.03 13.66 0.58 92.60 0.26
n=4dp 0.02 0.01 23.46 13.08 3491 0.18
n=6p 0.02 0.01 33.96 41.98 20.14 0.18
n=8p 0.03 0.01 44,34 203.52 30.84 0.23
n=10p 0.04 0.01 56.42 345.63 21.03 0.39

Table 2. Running time (in seconds) under different n/p for complex-valued cases. The best results are marked in bold.

M-RWF M-MRAF LOL1-PR LAD-ADMM L1/2-LAD This work
Type-1 n=2p 0.02 0.05 14.77 3.14 5891 0.29
n=4p 0.02 0.06 21.84 223.51 80.43 0.42
n=6p 0.03 0.07 30.99 711.59 107.21 0.26
n=_8p 0.04 0.09 47.9 1327.11 155.58 0.25
n=10p 0.05 0.10 66.125 1459.33 233.05 0.28
Type-II n=2p 0.03 0.06 22.85 1.67 105.84 0.60
n=4p 0.04 0.08 32.05 261.59 134.32 0.89
n=~6p 0.05 0.10 40.79 773.32 163.65 0.58
n=_8p 0.06 0.13 57.96 1246.02 230.07 0.60
n=10p 0.08 0.16 70.50 1565.18 266.72 0.62
Type-III n=2p 0.02 0.06 19.52 3.69 100.79 0.54
n=4p 0.04 0.08 27.54 157.62 116.70 0.36
n=~6p 0.05 0.02 35.84 440.57 22.01 0.25
n=238p 0.05 0.02 47.64 553.92 7.90 0.28
n=10p 0.07 0.02 62.48 528.91 6.82 0.23

In particular, for the complex-valued case n = 10p with Type-I noise, the running time is reduced by
more than 5000 times compared to LAD-ADMM. Although M-RWF and M-MRAF require less running time,
their performance is poor as shown in figure 2.

6.3. Image examples

In this study, we compare the performance of image recovery. Figure 3 shows the tested images, i.e. (a)
HI and (b) Star. Tables 3—5 provide the relative errors and running time(s) in brackets for tested images
with the Type-I, Type-1I and Type-III noise under different 7, respectively. Moreover, the smallest errors
with the corresponding running times are labeled in bold. It can be concluded that for tested images
with the Type-I and Type-II noise, the proposed method always achieves smaller errors using relatively
cheap running time compared to other methods. It then validates the robustness of image recovery. We
would like to point out that for tested images with the Type-III noise, the proposed method performs
better than LOL1-PR and L1/2-LAD, but worse than M-RWF and M-MRAF, which is consistent with the
conclusion in section 6.2.

We here also consider the images corrupted by Gaussian noise [35], generated from ¢; = n||b|| //nw;
for i =1,---,n, where {w;} is the Gaussian noise with zero mean and unit variance; see table 6 for the
computational results. Obviously, the proposed method is able to achieve the smallest relative errors with
the smallest running times, which again shows the robustness.

From the above signal and image experiments, it can be seen that although the performance is dif-
ferent on real- and complex-valued datasets under different types of noise, compared with the other
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Figure 2. Relative errors versus iterations with n = 6p for signal examples: (a)—(c) are the results for real-valued cases, (d)—(f) are

(f) Type-III (C)

(a) HI

(b) Star

Figure 3. Tested images: (a) HI with the pixel size 72 X 60 and (b) Star with the pixel size 40 x 40.

Table 3. Relative errors (running time) under the Type-I noise for tested images. The best results with the

corresponding time are marked in bold.

M-RWF M-MRAF LOL1-PR L1/2-LAD This work
HI 17 =10.001 3.88x10~* 3.85x 1072 4.08x10~* 2.67x1073 3.53%x10—*
(5.35) (10.99) (180.55) (180.48) (4.47)
17=0.01 3.85x1073 3.83x1072 3.72x1073 4.72x1072 3.20x1073
(6.67) (14.30) (180.39) (180.37) (4.90)
n=0.1 3.83x1072 3.20x1072 3.66x107! 1.17x10~! 2.82Xx1072
(8.03) (13.52) (180.78) (180.92) (6.49)
Star 17 =0.001 3.74x107* 3.73x107* 1.00x 1073 2.74x1073 3.54x10~*
(2.29) (4.93) (145.67) (61.56) (2.07)
Star 1 =0.01 4.03x1073 4.02x1073 4.50x1073 5.08x 1072 3.31x1073
(2.39) (6.15) (159.19) (66.49) (2.27)
n=0.1 3.96x1072 3.68x 1072 3.92x1072 1.20x 107! 2.74Xx1072
(2.66) (4.87) (164.16) (65.58) (2.54)

28




10P Publishing

Inverse Problems 42 (2026) 045014

Table 4. Relative errors (running time) under the Type-II noise for tested images. The best results with the

corresponding time are marked in bold.

] Fan et al

M-RWF M-MRAF LOL1-PR L1/2-LAD This work

HI n=0.001  9.78x10™* 9.63x107* 8.97x10™* 6.58x 1073 8.50x10~*
(7.14) (12.43) (180.82) (180.47) (3.58)

7=0.01 9.85x 1073 9.85x 1073 9.09x 1073 4.07x1072 8.68x1073
(7.61) (12.62) (180.60) (180.53) (3.65)

n=0.1 9.92x 1072 1.02x107! 9.26x 1072 2.50x 107! 7.74x1072
(7.65) (14.18) (180.74) (180.71) (3.07)

Star  1=0.001  9.95x10™* 9.64x10™* 1.27x1073 1.16x 1072 1.80x10~*
(3.19) (6.09) (135.68) (63.35) (0.57)

7=0.01 9.54x1073 9.69%x1073 9.75% 1073 6.20x1072 1.72x10~3
(3.16) (6.02) (165.75) (68.14) (0.71)

n=0.1 9.39%x 1072 9.73x 1072 9.59%x 1072 2.66x 107! 3.97x1072
(3.38) (6.15) (135.17) (64.94) (1.57)

Table 5. Relative errors (running time) under the Type-III noise for tested images. The best results with the

corresponding time are marked in bold.

M-RWF M-MRAF LOL1-PR L1/2-LAD This work

HI n=0.15 9.11x10° 7.41x10~¢ 9.83x107° 1.28x1071 1.48x1072
(0.95) (0.83) (178.68) (180.48) (6.89)

n=0.2 9.19%x10~° 9.08x10~° 8.13x10~° 1.40x 107! 5.17x1072
(0.85) (0.86) (180.58) (180.50) (4.81)

1n=0.25 9.27x 1072 9.94x10~° 2.15x1072 1.58x 107! 7.48x1072
(8.53) (1.46) (180.32) (180.60) (3.90)

Star n=0.15 8.99%x10—¢ 9.26x107° 9.87x1073 1.25x1071 5.17x107*
(0.38) (0.30) (133.15) (65.37) (0.53)

n=0.2 9.83%x10—° 9.96x10~° 1.21x1073 1.36x107! 3.05x107°
(0.51) (0.43) (132.35) (57.81) (0.74)

n=0.25 1.08x 1072 9.04x10~¢ 1.22x1073 1.58x 107! 2.55%107°
(2.75) (0.55) (136.63) (61.07) (1.02)

Table 6. Relative errors (running time) under the Gaussian noise for tested images. The best results with the

corresponding time are marked in bold.

M-RWF M-MRAF LOL1-PR L1/2-LAD This work
HI 17=0.001 1.10x1073 1.10x1073 1.19x1073 6.61x1072 9.84x10~*
(9.02) (14.69) (180.98) (180.56) (2.88)
n=0.01 1.09x 1072 1.09x 1072 1.10x1072 4301072 9.37x1073
(7.16) (13.65) (180.72) (180.47) (3.22)
n=0.1 1.12x107! 1.12x107! 1.14x107! 2.70x 1071 9.34Xx10~2
(8.18) (14.26) (180.91) (180.50) (5.21)
Star 17=0.001 1.12x1073 1.08x1073 9.87x1072 8.71x1072 2.81x10~*
(3.05) (5.96) (133.15) (63.87) (0.83)
n=0.01 1.06x 1072 1.07x1072 1.08x 1072 6.37x1072 247%x1073
(3.08) (6.51) (145.14) (63.01) (0.83)
n=0.1 1.13x107! 1.13x10~! 1.15x107! 2.64x1071 5.30x 102
(6.04) (8.44) (180.35) (66.75) (2.45)

7. Conclusions

29

methods, our proposed method has higher robustness and accuracy with moderate running time. This,
together with the statistical guarantee, convinces us to believe that the proposed method is robust.

In this paper, we have proposed a new robust PR method to recover signals with noise and outliers.
Particularly, both real- and complex-valued cases have been considered. For the real-valued case, we
have established the consistency of the estimator and derived its convergence rate. By applying the MM
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framework, we have established a fixed point inclusion for the global minimizer and developed an effi-
cient and convergent optimization algorithm. Further, we have shown that the whole generated sequence
converges with a linear rate. Note that the consistency demonstrates that the proposed method possesses
favorable statistical properties, and the fixed-point inclusion provides a theoretical foundation for design-
ing our algorithm. Combined with the obtained results on the algorithm’s convergence and convergence
rate, we have essentially addressed the three initial questions. It is worth mentioning that the existing
algorithms for regularized methods in complex-valued cases only gave the guarantee that the limit point
of the generated sequence satisfies a necessary optimality condition of a real-valued optimization prob-
lem transformed by the original problem in the complex domain, by separating the real and imagin-
ary part and lifting the dimension. However, we have stated that these two problems are not equivalent.
Fortunately, we have proved that the generated sequence converges to a vector satisfying the fixed point
inclusion introduced by the original problem in the complex domain. Numerical examples under differ-
ent settings for both signals and images verify the effectiveness of the proposed method.

There remain several important directions for future work. First, it is essential to establish non-
asymptotic error bounds at the rate

0z (VI Tolog (/T /)

for the proposed estimator in high-dimensional settings (p > ), covering both real and complex signal
cases.In addition, a thorough investigation into the geometric properties of the objective function would
provide valuable insight into whether the algorithm converges to statistically favorable solutions. Thirdly,
in certain cases, such as images corrupted by the Type-III noise, the proposed method does not achieve
the best performance, suggesting the need to integrate deep learning techniques to enhance robustness.
Finally, we are interested in applying the proposed method to real-world scenarios, including optical
imaging and crystallography.
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Appendix A. Proof of lemma 3.1

For convenience, we let the sub-exponential random variable £, be with parameters (02, K), i.e. for all
s € R such that |s| < 1/k,

2.2
Ees(eil-Elei)  exp (“’) .
2

Based upon Bernstein’s inequality, for any #; > 0, it follows that
1 - n . t% 5}
P <nz;(€i —Eleil) > tl) < eXP{ - zmm{aZ’ /{} }
The condition (3.4) results in #/(0%) < t,/r for large enough n. Therefore, it follows that

1 < 2 1
P<”2(|5i|_E|5i|)>tn> <exP{—;102}:(——>0. (A.1)

14 2n) P D/

i=1

Notice that |k ()| < o which together with example 2.4 in [58] implies that k! (¢;) is sub-Gaussian
with variance proxy a?. Using the assumption that the distribution of ¢; is symmetric, one can see that
Eh/,(;) = 0 for any o > 0. Similar to the proof of lemma 3.1 in [59], we can estimate the probability
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P(E
from Bernstein’s inequality that

P <|iz<u aia] V. ()| > ba

i=1

which together with the fact Y_'_ (u,a;a'v)?/n

P<|iz<u aa; v)h! ()] > taa ><Zexp{—

i=1
For any u € P71, let

B(u,6) :={uec s

><2exp{_22?_1<

nt,

< |lulf?||v||* results in

2[uf?fvl* )

Dlv—ul <4}

u,a;a v)2/n

L

] Fan et al

»). To keep the paper self-contained, we give the details. For any nonzero vectors u,v € R?, it follows

(A.2)

It follows from [58, example 5.8] that there exists a covering net {v/} € S*~! with cardinality which is

sreUe(s)

upper bounded as J:= (1 + 2n)? such that

Using this result, for any fixed v € S” —1 we obtain that

n

sup [+ 3w i) V) (29)|

-1 h
uesp—! i—1

( ’N) "

7

< sup =Y (waa vk, (s)|
“GUjj-:lB(“’ ) i€Zin
1 n
< = (W, V) (e
X 112122(] |Tl;< ) i@, V> a(sl)|+ueu sup
1 n
< max | |= uj,a‘a vh (g;) |+ su
< ooy |1 ot aal i () e
1,
< max |*Z<ujyaiaiTV>h&(5i)|+ sup
1<) n i—1 uGU;:]B(lli,
1 — T
< max [~ > (W,aa V)h/ (e )|+*

Isjs)n—
1=

n

L3 (v, am WK, ()|

i=1

n

1 . 1
T
- E (u—w,a;a; v)? -

i=1

lw—[[[[v]ex

Notice that v € SP~!. The same reasoning allows us to get, for each fixed W,

sup |lz<uj,aiai—rv>h (€i)] < max \lZ(uj,aiai—rv"ﬂzéy
- -1

1<k n

The above two inequalities enable us to derive that

n

sup Ilz<u,aiaiTV>h (ei)

uyves—1 1 i—1
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| < max |-
1<,k 1

n

n

=1

! Z(uj,aia;—vk>h(; () |+ i

n

e+

(A.3)
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According to the above inequality, we have

1 — N
P( sup |=> (waa/v)h,(e)| >+ —
<"’vespl n; n
1, . N N
SP > u]7 i TVk h/ : — >t et
(12%§7|n2;< aa; v')h, (&) ] + " WO+ »
I .
P (‘ 1gi§]|;;<uf,aia7vk>h& (51)|| > th)

> ]P’<|Zu aa; >h(;(e,»)>tna>

1<7,k<T

N

N

<2]zexp{ — %},

where the last inequality is due to (A.2) and ||w/|| = ||vk|| = 1. Therefore, we have

2]2exp{ - ?} = 2exp{ - %t’% +2plog (1 +2n)} = 2exp{—log(1+2n)} —0,

which together with (A.1) leads to the desired result. O

Appendix B. Proof of lemma 5.1

Recall that the level set S = {x € HP : F(x) < F(xo)} satisfies S C B with r=4(1+ 223" [a;|%)
sup,c ||x|| for any given bounded initial vector x° as shown in the proof of theorem 4.4. According
to the definitions of j and L, it derives that yol =4 < (L46)"" as v(L+6) <1, and v4. <

B~ loga 1LA0)] 371085 YEHS) — (L4 §)~1 as y(L+6) > 1. Take 79 = B4 which results in that 7 €
(0,1] and + - > L+ 4. Note that

n

_ (0%
lg ( II—H*Zh (ai, x |—b)<ai»X°>aiH<;ZHWHZHXOII7

i=1

which implies that

I~ 2rg (x7) | < 1] +2llg (x°) (1 T —Z ||a,||2> Bl

for any 7 € (0,1]. Combing this and the expression of the half-thresholding operator 7, we have

4

4
1o (6 = 27g(x) || < S1Ix° = 27g(x) || < 5 (1 e Z il 1) [=°]]

which yields x°(7) := H ., (x* — 27¢(x%) € B, for any 7 € (0, 1]. The definition of the half-thresholding
operator H also implies that
0(y 0
x(1)= arg){relﬁlF (x,x).

Similar to the proof of theorem 4.4, we obtain that
PG () <Fr (2 (7)) = 51 ()~ (£ -1).
Combining this, x*(7) = argminyerr F; (x,x”) and - - > L+ 6, we have
F(XO) — F(x0 (7')) >F (xo) —F, (XO (1) ,XO) + ngO (1) —x°))?
=F, (xo,xo) —F, (XO (1) ,xo) + ngO () —x"|)
> ()
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Thus, one can find the smallest integer ji > j satisfying the descent condition in (5.1) for k =0. This des-
cent condition implies that F(x') < F(x°) and x' € S. Repeating the above step can show such a des-

cent condition for any k > 1. From the above analysis, one also get ji € [j,0]. Hence, the desired result is
obtained. ) O
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