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Abstract
Phase retrieval (PR) is a popular research topic in signal processing and machine learning.
However, its performance degrades significantly when the measurements are corrupted by noise or
outliers. To address this limitation, we propose a novel robust sparse PR method that covers both
real- and complex-valued cases. The core is to leverage the Huber function to measure the loss
and adopt the ℓ1/2-norm regularization to realize feature selection, thereby improving the robust-
ness of PR. In theory, we establish statistical guarantees for such robustness and derive necessary
optimality conditions for global minimizers. Particularly, for the complex-valued case, we provide
a fixed point inclusion property inspired by Wirtinger derivatives. Furthermore, we develop an
efficient optimization algorithm by integrating the gradient descent method into a majorization–
minimization framework. It is rigorously proved that the whole generated sequence is conver-
gent and also has a linear convergence rate under mild conditions, which has not been investigated
before. Numerical examples under different types of noise validate the robustness and effectiveness
of our proposed method.

1. Introduction

Phase retrieval (PR) arises in applications where only intensity measurements are available while phase
information is lost [1]. Classical examples include x-ray crystallography [2, 3], optics [4], astronomy [5],
coherent diffraction imaging [6] and microscopy [7]. For comprehensive surveys, see [8–10]. Without
additional information, the PR problem is generally ill-posed [11, 12]. This challenge has driven both
theoretical analysis and algorithmic developments. Recent progress includes measurement designs
with provable uniqueness and stability [13–15], as well as developments in specialized algorithms that
enhance practical performance [16, 17].

Mathematically, PR aims to recover an unknown signal x ∈Hp (H= R or C) from

bi = |⟨ai,x⟩|2 + εi, 1⩽ i⩽ n, (1.1)

where ai ∈Hp is the sampling vector, bi ∈ R is the observed measurement, and εi ∈ R represents noise or
outliers.

1.1. Literature survey
Thanks to the rapid development of compressive sensing [18], sparse PR has been successfully applied in
various fields ranging from optical engineering to signal processing [19–21]. Generally speaking, sparse
PR methods can be divided into two categories. The first category is to use matrix lifting techniques and
then impose sparse regularization or constraints on the resulting matrix, which allows PR to be recast
into a semidefinite programming (SDP) problem [22]. The second category is to enforce sparse regular-
ization or constraints directly to the loss function with the least squares (LS) criterion and then apply
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gradient-based algorithms. In comparison, the second category without lifting techniques has attrac-
ted increasing attention because solving SDP problems usually requires substantial computing resources,
which limits the scalability of large-scale applications.

In algorithms, the whole convergence analysis has been investigated in [23–25]. The common tech-
nique for complex-valued PR is as follows. First, lift the p-dimensional complex-valued sampling vectors
ai and signal x to 2p-dimensional vectors via separating the real and imaginary parts of the correspond-
ing vectors, and transform each term |⟨ai,x⟩|2 in (1.1) as a real quadratic form with 2p-dimensional vec-
tors. Then, enforce ℓ1-norm to the 2p-dimensional vectors to regularize the above LS problem. Finally,
apply the proximal gradient method (PGM) to solve the resulting optimization problem and use the
Kurdyka–Lojasiewicz (KL) property based on the real-valued ℓ1-norm to study the whole convergence
and rate. Here, the whole sequence is in the sense that the sequence generated by PGM is in the real
domain. The limit point of the generated sequence usually satisfies the fixed point equation based on the
real-valued soft thresholding operator, which is a necessary optimality condition. It is worth mentioning
that [25] also designed an optimization algorithm based on partially preconditioned proximal alternat-
ing linearized minimization and showed that the generated sequence converges entirely and the rate can
be achieved via estimating the KL exponent. However, as stated in remark 4 below, the regularized LS
problem that is derived directly using the real-valued ℓ1-norm is not equivalent to the original problem.
In other words, [25] guarantees that the generated sequence converges to a vector satisfying a necessary
optimality condition for the real-valued ℓ1-norm minimization, but does not guarantee that the limit
point of the complex-valued generated sequence plays a similar role in the original problem.

For the transformed minimization, the LS part is continuously differential without a global Lipschitz
gradient. The PGM and its variants are an attractive class of algorithms for minimizing the sum of
smooth and nonsmooth functions. A key feature in the convergence analysis is that the smooth part
has a Lipschitz continuous gradient. Recent works [24, 26–28] have studied the convergence for PGM
without global Lipschitz continuity on the gradient of the smooth part. In particular, [24] proved that
when the objective function satisfies the KL property, the whole sequence generated by PGM converges
to a critical point with a general convergence rate. In addition, [27] obtained a similar result with the
help of line search, and [28] proved the global convergence when the nonsmooth term is convex. As
mentioned in [24], the KL exponent is an important quantity for analyzing the convergence rate. Indeed,
in order to guarantee a local linear convergence rate, it is desirable to determine whether a given func-
tion has a KL exponent of at most 1/2. However, the KL exponent of a given function is often hard to
estimate.

In practice, measurements are often corrupted by different noise or outliers. In the last few years,
many state-of-the-art robust methods without using lifting techniques have been proposed [29–33].
Among them, two representatives against arbitrary corruptions are median-reshaped Wirtinger flow
(M-RWF) [30] and median-momentum reweighted amplitude flow (M-MRAF) [31], which are vari-
ants of wirtinger flow introduced by [34]. However, both of them only focus on the LS criterion, so if
the noise is not Gaussian or symmetric, the results are not optimal. Therefore, it is suggested to replace
LS with least absolute deviation (LAD) to improve the robustness [35]. After that, the ℓ1/2-norm regu-
larized LAD method was proposed [33]. This is because that ℓ1/2-norm not only has an efficient solver
similar to the classical ℓ1-norm [36], but also has better performance in dimensionality reduction and
feature selection [37, 38]. It should be pointed out that LAD has an obvious disadvantage, that is, it is
nonsmooth. This makes it difficult to directly utilize gradient information, and thus brings huge chal-
lenges to the development of fast solvers.

1.2. Our contributions
Motivated by recent advances in Huber regression [39–41], we propose the following regularized Huber
PR method given by

min
x∈Hp

F(x) := f(x)+λ∥x∥1/21/2, (1.2)

where f(x) := 1
n

∑n
i=1 hα(|⟨ai,x⟩|2 − bi) and

hα (u) =

{
1
2u

2, if |u|⩽ α,

α|u| − 1
2α

2, if |u|> α

is the Huber function with parameter α> 0 (A traditional choice is α= 1.345, see [42]), ∥x∥1/21/2 =∑p
i=1 |xi|1/2 is the ℓ1/2-norm regularized term, and λ> 0 is the regularization parameter. This frame-

work balances robustness and computational efficiency. The Huber function retains robustness against
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outliers like LAD while being continuously differentiable, which enables gradient-based optimization.
However, the regularized Huber method (1.2) remains inherently non-convex, and the non-Lipschitz
nature of the ℓ1/2-norm introduces additional theoretical challenges. Three fundamental questions natur-
ally arise: (i) Does the corresponding estimator possess desirable statistical properties? (ii) What optim-
ality conditions characterize global minimizers, especially in complex domains? (iii) How to design
a provably convergent optimization algorithm? For the first question, as far as we know, no relevant
research has been reported in the existing literature. For the second question, although numerous studies
have been conducted on PGM, as previously mentioned, these investigations have primarily focused on
optimization problems with real-valued variables. Consequently, these existing methods cannot be dir-
ectly applied to solve (1.2), particularly in the complex-valued case. For the third question, the first term
f(·) lacks twice continuous differentiability. In the complex domain, this term is even nondifferentiable,
which poses significant challenges in verifying whether the KL exponent of F(·) is 1/2. In light of these
considerations, this paper systematically addresses these three fundamental questions through rigorous
theoretical analysis and methodological development.

In summary, the contributions of this paper are as follows.

(i) (Statistical guarantee) We construct a robust sparse PR method that combines ℓ1/2-norm regular-
ization with the Huber loss. In fact, this is a novel framework for both real- and complex-valued
signals. Especially, we establish the consistency of the corresponding estimators for the real-valued
case when the dimension p may increase to infinity with n, see theorem 3.2.

(ii) (Optimality theory) We theoretically establish optimality conditions for global minimizers. Notably,
for the complex-valued case, we derive a fixed point inclusion property inspired by Wirtinger deriv-
atives, see theorem 4.4.

(iii) (Convergent algorithm) We develop an efficient majorization–minimization (MM) algorithm and
prove that the whole sequence converges to a vector that satisfies the fixed point inclusion. In par-
ticular, the convergence rate is linear under a mild condition, see theorem 5.6.

1.3. Outline
The rest of this paper is organized as follows. Section 2 reviews notations, definitions and properties.
Section 3 establishes the statistical properties of consistency. Section 4 discusses the optimality conditions
of global minimizers. Section 5 provides the optimization algorithm with detailed convergence analysis.
Section 6 validates the robustness by numerical examples. Section 7 concludes this paper with future
directions.

2. Preliminaries

2.1. Notations
In this paper, the scalars are denoted by lowercase letters, e.g. x, vectors by bold lowercase letters, e.g. x,
and matrices by bold uppercase letters, e.g. X. Let 0 represent the vector or matrix with all components
equal to zero, Ip represent the identity matrix of p× p and i represent the imaginary unit. In addition,
let the superscripts → p and H stand for transpose and conjugate transpose, respectively. For a complex-
valued vector x, let R(x) and I(x) denote the real and imaginary parts, x denote the complex conjug-
ate and ∥a∥ denote the Euclidean norm. For a matrix X, let ∥X∥2 denote the spectral norm and XΓ ′Γ

denote the submatrix consisting of the rows and columns indexed by Γ ′ and Γ. For a symmetric matrix
X, let λmin(X) represent the minimum eigenvalue. Besides, denote x⋄ = (x⋄1 , · · · ,x⋄p )⊤ as the true signal,
∥x⋄∥0 as the sparsity of x⋄ and |x⋄|min =min|x⋄j |>0 |x⋄j |.

For any u ∈ R, the derivative of hα(u) is h ′
α(u) =min{max{u,−α},α}. It then follows

|h ′
α (u) |⩽ α and |h ′

α (u)− h ′
α (v) |⩽ |u− v| (2.1)

for any u,v ∈ R. The second inequality also implies that the function h ′
α(u) is Lipschitz continuous with

constant 1.

2.2. Wirtinger derivative
Let z= x+ iy ∈ Cd and its complex conjugate z= x− iy ∈ Cd where x=R(z) ∈ Rd and y= I(z) ∈ Rd.
For a real- or complex-valued function φ(z) = u(x,y)+ iv(x,y), it can be written in the form of φ(z,z)
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and the Wirtinger derivative is well defined as long as the real-valued functions u(·) and v(·) are differ-
entiable with respect to (w.r.t.) the real variables x and y. In essence, the conjugate coordinates[

z
z

]
∈ Cd ×Cd, z= x+ iy, and z= x− iy

can serve as an alternative to z. Under such conditions, the Wirtinger derivatives can be defined as

∂φ

∂z
:=

∂φ(z,z)

∂z
|zconstant =

[
∂φ(z,z)

∂z1
, · · · , ∂φ(z,z)

∂zd

]
,

∂φ

∂z
:=

∂φ(z,z)

∂z
|zconstant =

[
∂φ(z,z)

∂z1
, · · · , ∂φ(z,z)

∂zd

]
,

where the partial derivatives ∂
∂zi

and ∂
∂zi

are calculated by

∂

∂zi
=

1

2

(
∂

∂xi
− i

∂

∂yi

)
,
∂

∂zi
=

1

2

(
∂

∂xi
+ i

∂

∂yi

)
.

Here zi,zi,xi,yi are the ith coordinates of the vectors z,z,x,y, respectively.
Notice that the partial derivatives ∂φ

∂z and ∂φ
∂z defined as above are row vectors. The Wirtinger gradi-

ent is defined as

∇φ(z) =
[
∂φ

∂z
,
∂φ

∂z

]H
.

In fact, the integral form of Taylor’s expansion is as follows.

Lemma 2.1. (Lemma A.2 in [43]) Let φ(z) : Cd → R hold the continuous first-order Witinger derivative. For
any z0 ∈ Cd, it follows that

φ(z) = φ(z0)+

ˆ 1

0

[
z− z0
z− z0

]H
∇φ(z0 + t(z− z0))dt.

2.3. Subdifferential
For a proper lower semicontinuous function φ(u) : Rd → (−∞,+∞], the domain is dom(φ) := {u ∈
Rd : φ(u)<+∞}. Then

∂̂φ(u) :=

{
ϖ ∈ Rd : liminf

v ̸=u,v→u

1

∥v−u∥
[φ(v)−φ(u)−⟨ϖ,v−u⟩]⩾ 0

}
is called the regular or Fŕechet subdifferential of φ(·) at u ∈ dom(φ), and

∂φ(u) :=
{
ϖ ∈ Rd : ∃uk → u,φ

(
uk
)
→ φ(u) , ∂̂φ

(
uk
)
∋ϖk →ϖ

}
is called the limiting or Mordukhovich subdifferential of φ(·) at u ∈ dom(φ). From proposition 1.30 in
[44] and Fermat’s rule, the following lemma holds immediately.

Lemma 2.2. Suppose φ1 is continuously differentiable and φ2 is properly lower semicontinuous. For any
u ∈ dom(φ1 +φ2), it derives that

∂ (φ1 (u)+λφ2 (u)) =∇φ1 (u)+λ∂φ2 (u) .

Furthermore, if û is a local minimizer, then it should have 0 ∈∇φ1(û)+λ∂φ2(û).

2.4. KL property
For real-valued nonsmooth nonconvex optimization problems, KL is a powerful tool for convergence
analysis. A function φ : Rd → (−∞,+∞] is said to satisfy the KL property with desingularizing function
ϕ at point ū ∈ dom∂φ if there exist η > 0, a neighborhood U of ū, and a concave function ϕ : [0,η)→
R+ such that 1) ϕ(0) = 0; 2) ϕ is continuous at 0 and continuously differentiable in (0,η); 3) ϕ ′(t)> 0
for all t ∈ (0,η); 4) For all u ∈ U ∩{u ∈ Rd : φ(ū)< φ(u)< φ(ū)+ η}, the following inequality holds

ϕ ′ (φ(u)−φ(ū))dist(0,∂φ(u))⩾ 1.

4
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If φ satisfies the KL property at each point of dom∂φ, then φ is called a KL function.
Recall a subset of Rp is a semialgebraic set if it can be written as a finite union of sets of the form

{u ∈ Rp : θi(u) = 0,ϑi(u)< 0}, where θi,ϑi : Rd → R are real polynomial functions. A function φ(u) :
Rd → (−∞,+∞] is called semialgebraic if its graph

graphφ :=
{(
u⊤, t

)
∈ Rd+1 : φ(u) = t

}
is a semialgebraic set of Rd+1. It is known that the composition and finite sum of semialgebraic func-
tions are also semialgebraic. For more details, see section 4.3 of [45]. Moreover, any semialgebraic func-
tion satisfies the KL property. For convenience, we state this fact as a lemma.

Lemma 2.3. Any semialgebraic function satisfies the KL property with ϕ(t) = ct1−ϱ for some constant c> 0 and
some rational number ϱ ∈ [0,1), where ϱ is referred to as the KL exponent.

3. Statistical guarantee

In this section, we focus on the robustness for the regularized Huber model (1.2) in the sense that the
corresponding estimator should always be close to the underlying true parameters regardless of the dis-
tribution of the outliers. More precisely, we study the asymptotic error bound between them. To do
that, we employ the sable condition introduced by [46] to achieve the stable recovery in real-valued PR
problems when the data consists of random and noisy quadratic measurements of the target signal. It is
stated in [46] that the measurement vector {ai} ∈ Rp are µ⩾ 0 stable if

1

n

n∑
i=1

|⟨u,aia⊤i v⟩|⩾ µ∥u∥∥v∥, for all u,v ∈ Rp, (3.1)

and the stability is established if the measurement vectors sample from sub-Gaussian distribution satis-
fying isotropic. Combing such stability and some other conditions, they further prove that based on the
ℓq-norm loss function, when q ∈ (1,2], the error between the true signal and its estimator is bounded
by a computable constant that depends only on the statistical properties of the noise. In addition, [47]
pointed out that the transformed data {ai/∥ai∥}ni=1 and {bi/∥ai∥2}ni=1 are likely to make the LAD prob-
lem better conditioned since the normalization can make the observations comparable to each other and
yielding easier verification of their conditions. Indeed, [48] considered on the case that {ai}ni=1 are inde-
pendently sampled on the unit sphere because the normalization provides the guarantee that their the-
orem can be equivalently stated in the case where {ai}ni=1 are sampled on standard Gaussian vectors.
Therefore, in this section, we assume that all ai are unit vectors.

Note that [46] assumed that the noise follows a symmetric sub-Gaussian distribution, which is a
common assumption on the Huber method for high dimensional linear models, for example, [39, 49].
Moreover, given some conditions on α and λ (depending on n), consistency results can be obtained.
Before continuing, we need the following lemma.

Lemma 3.1. Define two random events

E1 =

{
1

n

n∑
i=1

|εi|⩽ E|ε1|+ tn

}
, E2 =

{
sup

u,v∈Sp−1

|1
n

n∑
i=1

⟨u,aia⊤i v⟩h ′
α (εi) |⩽ tnα+

α

n

}
,

where Sp−1 is the unit sphere defined by Sp−1 = {u ∈ Rp : ∥u∥= 1}. Under some mild conditions, it follows that

P(E1 ∩ E2)→ 1.

The proof of this lemma follows standard techniques, for completeness, we provide the detailed argu-
ment in the appendix.

Theorem 3.2. (Consistency) Let errors {ε1, . . . ,εn} be i.i.d. sub-exponential random variables with symmetric
distribution around 0. Assume that the measurement vectors {ai} ∈ Rp is C1 stable with C1 > 1/2. Assume that
the parameter α satisfies

α⩾ 6E|ε1|
2(1− ρ0)C1 − 1

. (3.2)

5
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Assume there exists a positive constant C2 such that

1

n

∑
i∈I in

0

⟨u,aia⊤i v⟩2 ⩾ C2∥u∥2∥v∥2 for all u,v ∈ Rp, (3.3)

where I in
0 is defined by I in

0 = {i : |εi|⩽ ρ0α} and ρ0 is a positive constant satisfying ρ0 < 1− 1
2C1

. Assume that

p logn/n→ 0 as n→∞, (3.4)

and

|x⋄|min ⩾ 2t1/6n . (3.5)

where tn =
√
2(2p+ 1) log(1+ 2n)/n. If the parameter λ chooses

λ
(
∥x⋄∥1/20 + ∥x⋄∥1/21/2

)
⩽ 1

4
C2t

2/3
n and λ∥x⋄∥1/20 ⩾

√
2

2
C2|x⋄|

1/2
min∥x

⋄∥2tn, (3.6)

thenmin{∥x̂− x⋄∥,∥x̂+ x⋄∥}= OP(rn), i.e. r−1
n min{∥x̂− x⋄∥, x̂+ x⋄∥} is bounded in probability. Here

rn =
√
2λ∥x⋄∥1/2

0

C2|x⋄|
1/2
min∥x⋄∥2

.

Proof. This proof mainly consists of four steps, which will be described one by one below.
Step 1). We start the proof by F(x)− F(x⋄)> 0 for any x satisfying

∥x− x⋄∥∥x+ x⋄∥⩾ (1− ρ0)α

if the event E1 occurs. It is not hard to check that

α|u| − α2

2
⩽ hα (u)⩽ α|u|. (3.7)

According to the relation (3.7) and the condition (3.1), we have

F(x)− F(x⋄) =
1

n

n∑
i=1

hα
(
⟨ai,x⟩2 − bi

)
− 1

n

n∑
i=1

hα (εi)+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2

⩾ 1

n

n∑
i=1

[
α|⟨ai,x⟩|2 − bi| −

α2

2

]
− α

n

n∑
i=1

|εi|+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2

⩾ 1

n

n∑
i=1

[
α|⟨ai,x⟩2 −⟨ai,x⋄⟩2| −α|εi|

]
− α

n

n∑
i=1

|εi|+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2 −
α2

2

⩾ αC1∥x− x⋄∥∥x+ x⋄∥−
2α

n

n∑
i=1

|εi|+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2 −
α2

2

⩾ αC1∥x− x⋄∥∥x+ x⋄∥−
2α

n

n∑
i=1

|εi| −λ∥x⋄∥1/21/2 −
α2

2
.

(3.8)

Note that the condition (3.2) leads to

E|ε1|⩽
1

6
α [2((1− ρ0)C1 − 1] ,

and the condition (3.6) implies that for sufficiently large n,

tn ⩽
1

18
α [2((1− ρ0)C1 − 1] and λ∥x⋄∥1/21/2 ⩽

1

20
α2 [2((1− ρ0)C1 − 1] ,

we have

2α(E|ε1|+ tn)+λ∥x⋄∥1/21/2 ⩽
89

180
α2 [2((1− ρ0)C1 − 1] . (3.9)

6
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From (3.8) and (3.9), we conclude that for sufficiently large n,

F(x)− F(x⋄)⩾ α2C1 (1− ρ0)−
2α

n

n∑
i=1

|εi| −λ∥x⋄∥1/21/2 −
α2

2

⩾ 1

2
α2 [2(1− ρ0)C1 − 1]− 2α(E|ε1|+ tn)−λ∥x⋄∥1/21/2

> 0.

(3.10)

Step 2). Under the event E2, we proceed to prove F(x)− F(x⋄)> 0 for any x satisfying

∥x− x⋄∥∥x+ x⋄∥< (1− ρ0)α

and

∥x− x⋄∥∥x+ x⋄∥> t1/3n .

For each i ∈ I in
0 = {i : |εi|⩽ ρ0α}, it follows that

|⟨ai,x⟩2 − bi|= |⟨x− x⋄,aia⊤i (x+ x⋄)⟩− εi|
⩽ |εi|+ |⟨x− x⋄,aia⊤i (x+ x⋄)⟩|
⩽ ρ0α+ ∥ai∥2∥x− x⋄∥∥x+ x⋄∥
⩽ α.

(3.11)

Thus, we have

F(x)− F(x⋄) =
1
2n

∑
i∈Iin

0

(
⟨ai,x⟩2 − bi

)2
+

1
n

∑
i/∈Iin

0

hα
(
⟨ai,x⟩2 − bi

)
− 1

n

n∑
i=1

hα (εi)+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2

=
1
2n

∑
i∈Iin

0

[(
⟨ai,x⟩2 − bi

)2
− ε2i

]
+

1
n

∑
i/∈Iin

0

[
hα

(
⟨ai,x⟩2 − bi

)
− hα (εi)

]
+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2

=
1
2n

∑
i∈Iin

0

⟨x− x⋄,aia⊤i (x+ x⋄)⟩2 − 1
n

∑
i∈Iin

0

⟨x− x⋄,aia⊤i (x+ x⋄)⟩εi

+
1
n

∑
i/∈Iin

0

[
hα

(
εi −⟨x− x⋄,aia⊤i (x+ x⋄)⟩

)
− hα (εi)

]
+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2

⩾ 1
2n

∑
i∈Iin

0

⟨x− x⋄,aia⊤i (x+ x⋄)⟩2 − 1
n

∑
i∈Iin

0

⟨x− x⋄,aia⊤i (x+ x⋄)⟩h ′
α (εi)

− 1
n

∑
i/∈Iin

0

⟨x− x⋄,aia⊤i (x+ x⋄)⟩h ′
α (εi)+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2

=
1
2n

∑
i∈Iin

0

⟨x− x⋄,aia⊤i (x+ x⋄)⟩2 − 1
n

n∑
i=1

⟨x− x⋄,aia⊤i (x+ x⋄)⟩h ′
α (εi)+λ∥x∥1/21/2 −λ∥x⋄∥1/21/2.

(3.12)
For large enough n, using the conditions (3.4) and (3.6) leads to

αt4/3n ⩽ 1

5
C2t

2/3
n ,

1

n
t1/3n α⩽ 1

20
C2t

2/3
n ,and λ∥x⋄∥1/21/2 ⩽

1

4
C2t

2/3
n ,

we conclude from (3.12) and tn ⩽ t1 that

F(x)− F(x⋄)⩾ 1

2
C2∥x− x⋄∥2∥x+ x⋄∥2 −∥x− x⋄∥∥x+ x⋄∥

(
tn +

1

n

)
α−λ∥x⋄∥1/21/2

>
1

2
C2t

2/3
n − t4/3n α− 1

n
t1/3n α− 1

4
C2t

2/3
n

⩾ 0

(3.13)

when E2 occurs.
Step 3). Under the event E2, we proceed to prove F(x)− F(x⋄)> 0 for any x satisfying

∥x− x⋄∥∥x+ x⋄∥⩽ t1/3n

7
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and

min{∥x− x⋄∥,∥x+ x⋄∥}⩾ 2tnα

C2∥x⋄∥
+

2α

C2∥x⋄∥n
+ rn. (3.14)

Notice that supp(x⋄)⊆ supp(x) when ∥x− x⋄∥∥x+ x⋄∥⩽ t1/3n . Otherwise, using the condition |x⋄|min ⩾
2t1/6n , we have

4t1/3n ⩽ |x⋄|2min ⩽ ∥x− x⋄∥∥x+ x⋄∥⩽ t1/3n ,

which is absurd. Without loss of generality, we assume

∥x− x⋄∥⩽ ∥x+ x⋄∥.

Noting for each j ∈ supp(x⋄), we can get an upper bound of the jth element of such x as follows

|xj|⩾ |x⋄j | − ∥x− x⋄∥> |x⋄|min − t1/6n ⩾ |x⋄|min/2,

which together with the concaveness of the function t1/2 for t> 0 yields that∑
j∈supp(x⋄)

(
|xj|1/2 − |x⋄j |1/2

)
⩾ 1

2

∑
j∈supp(x⋄)

|xj|−1/2
(
|xj| − |x⋄j |

)
⩾−1

2

∑
j∈supp(x⋄)

|xj|−1/2|xj − x⋄j |

>−
√
2

2
|x⋄|−1/2

min ∥x⋄∥
1
2
0 ∥x− x⋄∥.

If E2 occurs, we conclude from the inequality (3.12), condition (3.3) and the above inequality that

F(x)− F(x⋄)

>
1

2
C2∥x− x⋄∥2∥x+ x⋄∥2 −∥x− x⋄∥∥x+ x⋄∥

(
tn +

1

n

)
α−

√
2λ

2
|x⋄|−1/2

min ∥x⋄∥
1
2
0 ∥x− x⋄∥

⩾ 1

2
∥x− x⋄∥∥x+ x⋄∥

(
C2∥x− x⋄∥∥x+ x⋄∥− 2

(
tn +

1

n

)
α−

√
2λ∥x⋄∥

1
2
0 |x⋄|

−1/2
min ∥x+ x⋄∥−1

)
⩾ 1

2
∥x− x⋄∥∥x⋄∥

(
C2∥x− x⋄∥∥x⋄∥− 2

(
tn +

1

n

)
α−

√
2λ∥x⋄∥

1
2
0 |x⋄|

−1/2
min ∥x⋄∥−1

)
⩾ 0,

where the third inequality derives from the inequality ∥x⋄∥⩽ ∥x+ x⋄∥ following from the assumption ∥x−
x⋄∥⩽ ∥x+ x⋄∥, and the last is due to x satisfying (3.14).

Step 4). According to Steps 1)-3), we obtain

min{∥x̂− x⋄∥,∥x̂+ x⋄∥}⩽ 2tnα

C2∥x⋄∥
+

2α

C2∥x⋄∥n
+ rn

if the random events E1 and E2 occur simultaneously. This, together with conditions (3.4) and (3.6) derives
that tn ⩽ rn and nrn ⩾ 1 for large enough n. As a direct result, we get

2tnα

C2∥x⋄∥
+

2α

C2∥x⋄∥n
+ rn ⩽

(
1+

3α

C2∥x⋄∥

)
rn.

Therefore, combining the above inequality and lemma 3.1, the desired result is obtained.

Remark 1. The work [47] considered the following corruption model

bi =

{
⟨ai,x⋄⟩2, i ∈ I1,
εi, i ∈ I2,

where the index set I1 and I2 satisfy I1 ∩ I2 = ∅ and I1 ∪ I2 = {1, · · · ,n}, and the indices i ∈ I2 are
chosen randomly. If the proportion of corrupted measurements is relatively small as stated in [47], the
condition (3.3) is also reasonable because I1 ⊆ I in

0 . For the extreme case that (1.1) is not corrupted by any

8
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noise, it follows that I in
0 = {1, · · · ,n}. In such scenario, the condition (3.3) combing with Cauchy’s inequal-

ity and ∥ai∥= 1 enable us to derive that for all u,v ∈ Rp,

C2∥u∥2∥v∥2 ⩽
1

n

n∑
i=1

⟨u,aia⊤i v⟩2 ⩽ ∥u∥2∥v∥2,

or equivalently,

C2∥uv⊤∥2 ⩽
1

n

n∑
i=1

⟨aia⊤i ,uv⊤⟩2 ⩽ ∥uv⊤∥2.

This is a type of restricted isometry property condition for low-rank matrix recovery which is also applied
to PR problems with the LS formulation by SDP. Many random sensing designs are known to satisfy such
conditions with high probability. See the overview [50] for more details. For the linear model, the work
[39] states that the parameter α plays a key role in adapting to various noise types. Particularly, the authors
recommend selecting a sufficiently large α to robustify the estimation when dealing with heavy-tailed sym-
metric noise distributions. While the condition (3.2) indicates that the lower bound of α does not need to
be excessively large and is instead related to E|ε1|, this theoretical quantity is typically unknown in prac-
tical applications. Therefore, in implementation, the parameter α is commonly determined through cross-
validation to achieve optimal robustness.

Remark 2. In [51], the authors investigated the asymptotic properties of bridge estimators for the linear
model when pmay increase to infinity with n but p= o(n/ logn) ,i.e. p logn/n→ 0. To establish consist-
ency and sparsity, their conditions on λ can be simplified to λ

√
ns→ 0 and λ(n/p)3/4 →∞ as n→∞ for

the case where the bridge parameter takes the value 1/2 and s stand for the number of nonzero coefficients.
Moreover, they assume that the nonzero elements of x⋄ in magnitude are bounded from below and above by
positive constants c1 and c2, i.e.

c1 ⩽ |x⋄|min ⩽ max
|x⋄j |>0

|x⋄j |⩽ c2.

This condition on x⋄ is also employed by [52] to study the asymptotic properties of regularized LS estimat-
ors in sparse quadratic regression, which includes sparse PR as a special case. Although our condition (3.4)
is stronger than p/n→ 0, it still allows the dimension p to be either fixed or diverge to infinity at a rate of
o(n/ logn). In such scenario, the condition (3.5) permits that |x⋄|min can tend to zero as n→∞. Suppose
that λ= (p logn/n)ϱ/

√
∥x⋄∥0 with ϱ ∈ (1/3,1/2). Then our condition (3.6) holds when the number of

nonzero elements of x⋄ is fixed and x⋄ is bounded as mentioned above. It is clear that such λ results in
λ
√
ns→∞ and λ(n/p)3/4 →∞. Compared to the penalized parameter used in [51], the penalized para-

meter λ used here is larger, which is reasonable and aligns with our intuition, as (1.1) is more complex than
linear models.

Remark 3. Theorem 3.2 yields the rate of convergence

OP (rn) = OP

(
λ∥x⋄∥

1
2
0 /
(
|x⋄|1/2min∥x

⋄∥2
))

,

which can be simplified to OP(λ/∥x⋄∥
1
2
0 ) under the assumption that the nonzero elements of x⋄ in mag-

nitude is bounded from below and above by positive constants like in [51]. Notice that rn can be chosen as
tn. Therefore, the rate of convergence is at most OP(rn) = OP(

√
p logn/n) which is slower than OP(

√
p/n)

for bridge estimators for linear model provided by [51], and OP(
√

s log(p/s)/n) for PR provided by [46].
Here s is an upper bound of ∥x⋄∥0. According to the proof of lemma 3.1, one can see that the factor p logn
derives from the covering number of the unit sphere {u ∈ Rp : ∥u∥= 1} and the quadratic relationship
in (1.1). Consequently, when p is fixed, the convergence rate simplifies OP(

√
logn/n), and when p is diver-

ging at the rate p= o(n/ logn) as n→∞, it improves to OP(
√

p logp/n). It is worth noting that the con-
vergence rate in [46] is based on the ℓq-norm loss with bounded constraints and requires that the sparsity
of the optimal solution does not exceed s. Additionally, the upper bound of the ℓq-norm empirical risk of
the optimal solution must not exceed a certain constant, which is related to E|ε1|q. In other words, their
results critically depend on the condition that the estimator itself satisfies certain properties to achieve the
claimed convergence rate. However, it remains theoretically unverified whether their estimation approach
can guarantee that these required conditions hold for the estimator. In contrast, our results impose no spe-
cific requirements on the estimator, relying solely on the measurement vectors {ai} and some controllable

9
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parameters such as λ and α. For the case p> n, we conjecture that, with the aid of additional conditions, we
can improve our result to

OP

(√
∥x⋄∥0 log(p/∥x⋄∥0)/n

)
for a locally optimal solution to (1.2). Concurrently, based on this rate, it is determined that the sampling
size can be significantly reduced.

4. Optimality theory

Recall that (1.2) minimizes the sum of two functions where the first term is smooth as x ∈ Rp and
the second term is ℓ1/2-norm regularization. This naturally renders us to employ PGM to solve it.
Remember that PGM can be interpreted as a fixed point iteration. In this section, we will prove a global
minimizer of (1.2) satisfies a fixed point inclusion. To achieve this aim, this section is organized into
three parts. First, we revisit the half-thresholding operator used for addressing ℓ1/2-norm regularization
problems. Subsequently, we introduce the gradient of the function f(·), with particular emphasis on the
Wirtinger gradient for the case of complex variables. Finally, by employing the MM method, we derive
the fixed point inclusion.

[36] and [53] have provided real- and complex-valued iterative half-thresholding algorithms for solv-
ing ℓ1/2-norm regularized minimization problems as follows.

Lemma 4.1. Any solution for the problem

min
v∈Hp

∥v− ξ∥2 +µ∥v∥1/21/2

can be expressed by the half-thresholding operator

Hµ (ξ) =
(
χµ (ξ1) ,χµ (ξ2) , . . .,χµ

(
ξp
))
,

where

χµ (t) =


2
3 t

(
1+ cos

(
2π
3 − 2

3arccos

(
µ
8

(
|t|
3

)−3/2
)))

, |t|>
3√54
4 µ2/3,

(µ/2)2/3 or 0, |t|=
3√54
4 µ2/3,

0, otherwise.

Remark 4. It is worth mentioning that the following two minimization problems with complex variables

min
v∈C

|v− t|2 +µ|v|1/2, min
v∈C

|v− t|2 +µ
(
R(v)2 + I (v)2

)1/4
are equivalent, but the following problems

min
v∈C

|v− t|2 +µ|v|1/2, min
v∈C

|v− t|2 +µ
(
|R(v) |1/2 + |I (v) |1/2

)
are not equivalent. Indeed, it is easy to check that ifR(v)I(v) ̸= 0 then

|R(v) |1/2 + |I (v) |1/2 >
(
R(v)2 + I (v)2

)1/4
= |v|1/2.

Therefore, one can conclude from the fact that (φµ(R(t)),φµ(R(t)))⊤ and φµ(t) are the optimal solutions
of the corresponding minimization problems that

(φµ (R(t))−R(t))2 +(φµ (I (t))−I (t))2 +µ
(
|φµ (I (t)) |1/2 +φµ (I (t)) |1/2

)
> (φµ (R(t))−R(t))2 +(φµ (I (t))−I (t))2 +µ

(
φµ (I (t))2 +φµ(I(t

)
)2)1/4

⩾ |φµ(t)− t|2 +µ|φµ(t)|1/2

10
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when |R(t)|>
3√54
4 µ2/3 and |I(t)|>

3√54
4 µ2/3. This means that the complex variable setting can not be

treated in the fashion that identifying x ∈ Cp with x̃= [R(x)⊤,I(x)⊤]⊤ ∈ R2p minimizes F via the follow-
ing problem

min
x̃

f+λ∥x̃∥1/21/2,

even though f can be regarded as a function in the real domain. By the way, there exists a similar relation for
|v|ϱ with ϱ ∈ [0,1], i.e.

|R(v) |ϱ+ |I (v) |ϱ >
(
R(v)2 + I (v)2

) ϱ
2
= |v|ϱ

ifR(v)I(v) ̸= 0. As a direct result, one cannot get the optimal solution of minx̃ f+λ∥x∥ϱϱ via minx̃ f+λ∥x̃∥ϱϱ
(Especially, ∥x̃∥ϱϱ stands for ∥x̃∥0 as ϱ= 0) even that the Huber function in f is replaced by the LS function.

We now provide the gradient of f(x). For the real-valued case, i.e. H= R, one can see that the gradi-
ent can be computed by

∇f(x) =
2

n

n∑
i=1

h ′
α

(
|⟨ai,x⟩|2 − bi

)
⟨ai,x⟩ai.

For the complex-valued case, i.e. H= C, it is clear that f(x) is not holomorphic and thus not differen-
tiable in the standard complex variables sense. In fact, a nonconstant real-valued function of a complex
variable is not complex analytic. Although f(x) has a real gradient when partial derivatives are taken w.r.t
the real and imaginary parts of complex variables, one must transfer from the mapping between Cn and
R to R2n and R. This means that calculating f(x) directly in the real domain leads to producing awk-
ward expressions and cumbersome computation. Recall that the LS problem for PR is also not complex-
differentiable, and [34] introduced Wirtinger derivatives to deal with the non-differentiability. Following
a similar idea, we can study the gradient of f(x) in the case H= C with the help of Wirtinger calculus.
Notice that

f(x) =
1

n

n∑
i=1

hα (⟨ai,x⟩⟨ai,x⟩− bi)≜ f(x,x) .

By simple calculation, one can conclude from the chain rule that

∂f

∂x
=

1

n

n∑
i=1

h ′
α

(
|⟨ai,x⟩|2 − bi

)
⟨ai,x⟩aHi ,

and

∂f

∂x̄
=

1

n

n∑
i=1

h ′
α

(
|⟨ai,x⟩|2 − bi

)
⟨ai,x⟩a⊤i .

The Wirtinger gradient is defined as

∇f(x) =

[
∇xf(x)
∇xf(x)

]
with ∇xf(x) = ( ∂f∂x )

H and ∇xf(x) = ( ∂f∂x )
H. It is easy to check that ∇xf(x) =∇xf(x). Then, the gradient

w.r.t. x can be derived as the form of

∇xf(x) =
1

n

n∑
i=1

h ′
α

(
|⟨ai,x⟩|2 − bi

)
⟨ai,x⟩ai.

For ease of expression, we use the uniform notation

g(x) :=
1

n

n∑
i=1

h ′
α

(
|⟨ai,x⟩|2 − bi

)
⟨ai,x⟩ai,

which implies that ∇f(x) = 2g(x) for the case H= R and ∇xf(x) = g(x) for the case H= C.
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Below, we study the existence of the optimal solution x̂ of (1.2) and employ the MM techniques to
solve it. To do that, we introduce the auxiliary function

Fτ (x,y) := f(y)+ 2R(⟨g(y) ,x− y⟩)+ 1

2τ
∥x− y∥2 +λ∥x∥1/21/2

for any x,y ∈Hp. Here, τ > 0 is a tuning parameter. It is evident that F(x) = Fτ (x,x). However, it is
unclear whether the function Fτ (x,x) can serve as an upper bound for F(x) for any x,y ∈Hp, as the
gradient g(·) lacks of the global Lipschitz continuity. The following two lemmas indicate that g(·) is
Lipschitz on a level set of F(·), and the minimizer of minx∈Hp Fτ (x,y) is bounded for any y within that
level set. These results are crucial for proving that Fτ (·, ·) serves as a majorizer for F(·).

Lemma 4.2. Given a bounded vector x0 ∈Hp, the level set S= {x ∈Hp : F(x)⩽ F(x0)} is nonempty and
compact. Further, it follows that

∥g(x)∥⩽ α

n

n∑
i=1

∥ai∥2∥x∥ (4.1)

and

∥g(x)− g(y)∥⩽ 1

n

n∑
i=1

(
α∥ai∥2 + 2r2∥ai∥4

)
∥x− y∥ (4.2)

for any x,y ∈ Br where the ball Br is defined by Br = {x ∈Hp : ∥x∥⩽ r} with r= 4
3 (

2α
n

∑n
i=1 ∥ai∥2 + 1)

supx∈S ∥x∥.

Proof. It is clear to see that x0 ∈ S, thus S is not empty. Note that the regularized term ∥x∥1/21/2 implies that

lim∥x∥→∞ F(x) =∞. Hence, S is bounded. The continuity of F(·) leads to the closeness of S. Then, the set
S is compact. According to the definition of g(·), the first inequality of (2.1) and Cauchy’s inequality, we
get (4.1) immediately.

Since the compactness of S leads to supx∈S ∥x∥<∞, the ball Br is well defined. For any x,y ∈ Br, it is
relatively easy for us to obtain that

∥g(x)− g(y)∥⩽ 1

n

n∑
i=1

∥h ′
α

(
|⟨ai,x⟩|2 − bi

)
⟨ai,x⟩ai − h ′

α

(
|⟨ai,y⟩|2 − bi

)
⟨ai,y⟩ai∥

⩽ 1

n

n∑
i=1

∥h ′
α

(
|⟨ai,x⟩|2 − bi

)
⟨ai,x− y⟩ai∥

+
1

n

n∑
i=1

∥
(
h ′
α

(
|⟨ai,x⟩|2 − bi

)
− h ′

α

(
|⟨ai,y⟩|2 − bi

))
⟨ai,y⟩ai∥

⩽ 1

n

n∑
i=1

|h ′
α

(
|⟨ai,x⟩|2 − bi

)
|∥⟨ai,x− y⟩ai∥

+
1

n

n∑
i=1

|h ′
α

(
|⟨ai,x⟩|2 − bi

)
− h ′

α

(
|⟨ai,y⟩|2 − bi

)
|∥⟨ai,y⟩ai∥

⩽ 1

n

n∑
i=1

α∥ai∥2∥x− y∥+
1

n

n∑
i=1

|⟨ai,x⟩|2 − |⟨ai,y⟩|2|∥ai∥2∥y∥

=
1

n

n∑
i=1

(
α∥ai∥2∥x− y∥+ |(x− y)H aiaHi (x+ y) |∥ai∥2∥y∥

)
⩽ 1

n

n∑
i=1

(
α∥ai∥2 + 2r2∥ai∥4

)
∥x− y∥,

where the second inequality derives from the triangle inequality, the third follows from Cauchy’s inequal-
ity, the fourth follows from (2.1), and the last is due to the fact x,y ∈ Br and ∥x∥+ ∥y∥⩽ 2r. Therefore, the
proof is completed.

Lemma 4.3. For any y ∈ S, the minimizer x̂y ofminx∈Hp Fτ (x,y) with τ ∈ (0,1] exists and satisfies

x̂y ∈ Br.
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Proof. Since the regularized term ∥x∥1/21/2 implies that lim∥x∥→∞ F(x) =∞, we obtain the boundedness of

the set S ′ = {x ∈Hp : Fτ (x,y)⩽ F(x0)}, which together with the continuity of F(x) implies that the minim-
izer x̂y exists and lies in S′ since the continuity of F(x) also results in the closeness of S′. Notice that

Fτ (x,y) = f(y)+
1

2τ
∥x− y+ 2τg(y)∥2 +λ∥x∥1/21/2 − 2τ∥g(y)∥2

due to the fact ∥u+ v∥2 = ∥u∥2 + 2R(uHv)+ ∥v∥2 for any u,v ∈Hp. Since x̂y is the minimizer of
minx∈Hp Fτ (x,y) with τ ∈ (0,1], we conclude from lemma 4.1 that

∥x̂y∥⩽
4

3
∥y− 2τg(y)∥⩽ 4

3
(∥y∥+ 2∥g(y)∥)⩽ 4

3

(
1+

2α

n

n∑
i=1

∥ai∥2
)
sup
x∈S

∥x∥,

where the second inequality derives from the triangle inequality and τ ∈ (0,1], the last thanks to the
inequality (4.1) and y ∈ S. Recalling the definition of Br in lemma 4.2, we complete the proof.

With the help of the MM techniques and lemmas 4.1–4.3, we derive the existence and further
provide a necessary condition for the optimal solution to (1.2).

Theorem 4.4. (Fixed point inclusion) There exists a global minimizer x̂ which lies in the level set S, and further
satisfies the fixed point inclusion

x ∈Hλτ (x− 2τg(x)) (4.3)

for any τ ∈ (0,min{1,1/L}] with L= 4
∑n

i=1(α+ 2r2∥ai∥2)∥ai∥2/n for the real-valued case and
L= 2

∑n
i=1(α+ 2r2∥ai∥2)∥ai∥2/n for the complex-valued case.

Proof. Due to the continuity of F(x), we obtain that the global minimizer of (1.2) must exist and
lie in the level set S. Noting that the ball Br is defined by Br = {x ∈Hp : ∥x∥⩽ r} with r= 4

3 (1+
2α
n

∑n
i=1 ∥ai∥2)∥) supx∈S ∥x∥, we have S⊆ Br and x̂ ∈ Br.

It is claimed that

F(x)⩽ Fτ (x,y) for any x,y ∈ Br (4.4)

for any τ ∈ (0,min{1,1/L}]. The equality holds clearly. We now prove the inequality for the caseH= R.
From the mean value theorem, it implies that

f(x) = f(y)+ ⟨∇f(y) ,x− y⟩+ ⟨∇f(y+ θ (x− y)) ,x− y⟩,

where θ ∈ (0,1). It then follows from the definitions of Fτ and g, Cauchy’s inequality and lemma 4.2 that

F(x) = Fτ (x,y)+ ⟨∇f(y+ θ (x− y))−∇f(y) ,x− y⟩− 1

2τ
∥x− y∥2

⩽ Fτ (x,y)+ ∥∇f(y+ θ (x− y))−∇f(y)∥∥x− y∥− 1

2τ
∥x− y∥2

⩽ Fτ (x,y)+
2

n

n∑
i=1

(
α+ 2r2∥ai∥2

)
∥ai∥2∥x− y∥2 −

1

2τ
∥x− y∥2

= Fτ (x,y)−
1

2
∥x− y∥2

(
1

τ
− 4

n

n∑
i=1

(
α+ 2r2∥ai∥2

)
∥ai∥2

)
⩽ Fτ (x,y) ,

where the last inequality follows from the condition τ ∈ (0,min{1,1/L}] with L= 4
∑n

i=1(α+
2r2∥ai∥2)∥ai∥2/n for the real-valued case.

13
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Next, we prove the inequality for the caseH= C. By lemma A.2 in [43], we have

F(x) = f(x)+λ∥x∥1/21/2

= f(y)+

ˆ 1

0

[
x− y
x− y

]H
∇f(y+ t(x− y))dt+λ∥x∥1/21/2

= f(y)+ 2

ˆ 1

0
R(⟨x− y,g(y+ t(x− y))⟩)dt+λ∥x∥1/21/2

= f(y)+ 2R(⟨g(y) ,x− y⟩)+λ∥x∥1/21/2

+ 2

ˆ 1

0
R(⟨x− y,g(y+ t(x− y))− g(y)⟩)dt

= Fτ (x,y)+ 2

ˆ 1

0
R(⟨x− y,g(y+ t(x− y))− g(y)⟩)dt− 1

2τ
∥x− y∥2,

(4.5)

where the second equality follows from∇xf(x) =∇xf(x). Combing (4.5) and lemma 4.2, we conclude that

F(x) = Fτ (x,y)+ 2

ˆ 1

0
R(⟨x− y,g(y+ t(x− y))− g(y)⟩dt− 1

2τ
∥x− y∥2

⩽ Fτ (x,y)+ 2

ˆ 1

0
∥x− y∥∥g(y+ t(x− y))− g(y)∥dt− 1

2τ
∥x− y∥2

⩽ Fτ (x,y)+
1

n

n∑
i=1

(α+ 2r2∥ai∥2)∥ai∥2∥x− y∥2
ˆ 1

0
2tdt− 1

2τ
∥x− y∥2

= Fτ (x,y)−
1

2
∥x− y∥2( 1

τ
− 2

n

n∑
i=1

(α+ 2r2∥ai∥2)∥ai∥2)

⩽ Fτ (x,y),

where the last inequality is due to τ ∈ (0,min{1,1/L}] with L= 2
∑n

i=1(α+ 2r2∥ai∥2)∥ai∥2/n for the
complex-valued case. Then we get the inequality of (4.4).

Let x̂x̂ ∈ argmin
x∈Hp

Fτ (x, x̂). Lemma 4.3 leads to x̂x̂ ∈ Br. According to (4.4), we can draw the following

conclusion

F(x̂) = Fτ (x̂, x̂)⩾ Fτ (x̂x̂, x̂)⩾ F(x̂x̂)⩾ F(x̂) ,

which yields x̂ ∈ argmin
x∈Hp

Fτ (x, x̂). Obviously, minimizing Fτ (x,y) w.r.t. x ∈Hp is equivalent to

min
x∈Hp

∥x− y+ 2τg(y)∥2 + 2λτ∥x∥1/21/2.

It then follows from lemma 4.1 that (4.3) is satisfied. Thus, the proof is completed.

5. Convergent algorithm

5.1. MM
Theorem 4.4 has provided a globally necessary optimality condition that may not hold at the local min-

imizers. It is worth mentioning that χµ(t) does not have a unique value when |t|=
3√54
4 µ2/3. In the

implementation, we take χµ(t) = 0 for such case, i.e.

χµ (t) =

 2
3 t

(
1+ cos

(
2π
3 − 2

3arccos

(
µ
8

(
|t|
3

)−3/2
)))

, if |t|>
3√54
4 µ2/3.

0, otherwise.

According to (4.3), the iterative scheme for solving (1.2) can be given in algorithm 1.
Note that an important step is the computation of τ k, which balances the speed of reduction of the

objective function F and the search time for the optimal length. According to theorem 4.4, the ideal
choice of τ k depends on L, however, it is hard to calculate since r is unknown. A practical strategy is to
perform an inexact line search to identify a step length that achieves adequate reduction in L. Therefore,

14
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Algorithm 1.MM for solving (1.2).

1 Input: Data {ai,bi}, parameters λ,α, γ, β, δ, ϵ= 10−6.

2 Initialize: Spectral point x0, let k= 0, j = 0, τ0 = β.

3 while ‘not converged’ do

4 (Step 1) Do

xk+1 =Hλτk
(xk− 2τk∇f(xk)),

where τk = γβjk and jk is the smallest nonnegative integer such that

F(xk)− F(xk+1) ⩾ δ∥xk+1− xk∥2. (5.1)

5 (Step 2) Check convergence: if

∥xk+1− xk∥ ⩽ ϵmax{1,∥xk∥},

otherwise, set k← k+ 1, and go back to Step 1.

6 Output: x.

we adopt the Armijo-type line search in algorithm 1. It requires finding the smallest nonnegative integer
jk such that (5.1) holds. Analog to the proof of lemma B.3 in [52], we can prove that the set of such
integers is nonempty and further find such integer jk successfully.

Lemma 5.1. Let δ > 0,γ > 0,β ∈ (0,1) be any given parameters. For any given bounded initial vector x0 ∈Hp,
there is an integer jk ∈ [j,0] such that (5.1) holds where

j=

{
0, if γ (L+ δ)⩽ 1,
−[ logα γ (L+ δ) ]+ 1, otherwise.

For the sake of completeness, we provide the detailed proof in the appendix.

5.2. Convergence analysis
In this subsection, we will analyze the convergence of the sequence {xk} in detail. To begin with, we first
provide the following lemma.

Lemma 5.2. Assume that {xk} and {τk} are the sequence generated by algorithm 1. Then, {xk} is bounded and
τk ∈ [γβ j̄,γ].

Proof. It follows from lemma 5.1 that {F(xk)} is monotonically decreasing. Then, we have {xk} ⊆ D⊆ Br,
thereby proving the first part. Using the definition of τ k and lemma 5.1, we can further prove the second
part.

Using the above lemma and the definition of χµ(·), we can show subsequence convergence of the
proposed algorithm.

Theorem 5.3. (Subsequence convergence) Assume that {xk} is the sequence generated by algorithm 1. Then the
following conclusions hold:

(i) {F(xk)} decreasingly converges to F(x∗), where x∗ is any accumulation point of {xk};

(ii) limk→∞ ∥xk+1 − xk∥= 0;

(iii) Every accumulation point of {xk} satisfies the fixed point inclusion (4.3) for a positive constant τ ∈ [γβ j̄,γ].

Proof. (i) Since {xk} is bounded, it has at least one accumulation point. Recall that F(·)⩾ 0 and {F(xk)} is
monotonically decreasing which is due to (5.1), it indicates that {F(xk)} converges to a constant F∗(⩾ 0).
According to the fact that F(·) is continuous, we have {F(xk)}→ F∗ = F(x∗), where x∗ is an accumulation
point of {xk} as k→∞.

(ii) From the definition of xk+1 and (5.1), we have

n∑
k=0

∥xk+1 − xk∥2 ⩽ 2

δ

n∑
k=0

[
F
(
xk
)
− F
(
xk+1

)]
=

2

δ

[
F
(
x0
)
− F
(
xn+1

)]
⩽ 2

δ
F
(
x0
)
.

Hence,
∑∞

k=0 ∥xk+1 − xk∥2 <∞ and ∥xk+1 − xk∥→ 0 as k→∞. Therefore, (b) is derived from the second
result of lemma 5.2.
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(iii) Because {xk} and {τk} have convergent sequences, without loss of generality, assume that

xk → x∗ and τk → τ∗ as k→∞. (5.2)

It suffices to prove that x∗ and τ∗ satisfy (4.3). Note that combing the iteration xk+1 =Hλτk(x
k − 2τk∇f(xk))

and lemma 4.1 enables us to derive that for any x ∈Hp,

Fτk
(
xk+1,xk

)
⩽ Fτk

(
x,xk

)
.

This, together with the continuousness of the function Fτ (·, ·) and the limit (5.2), implies that for any x ∈
Hp,

Fτ∗ (x∗,x∗) = lim
k→∞

Fτk
(
xk+1,xk

)
⩽ lim

k→∞
Fτk
(
x,xk

)
= Fτ∗ (x,x∗) .

As a direct result of the above inequality, one can see that x∗ ∈ argminx∈Hp Fτ∗(x,x∗). Again using lemma
4.1, we complete the proof.

We next discuss the whole sequence convergence and rate of the proposed algorithm. To use the KL
technique, we first study the subdifferential of the objective function for the real-valued PR. According to
lemma 2.3 in [54], it has

∂
(
∥x∥1/21/2

)
=

p∑
j=1

ep,jTj (x) with Tj (x) =


e⊤p,jx

2|e⊤p,jx|3/2
, ife⊤p,jx ̸= 0,

R, otherwise.

Then, the equality in lemma 2.2 leads to

∂F(x) =∇f(x)+λ

p∑
j

ep,jTj (x) .

It is worth pointing out that the KL property is not applied to complex variables directly, then we
will transform complex variables into real-valued cases. For any x ∈ Cp, denote x̃= (R(x)⊤,I(x)⊤)⊤
and

Ai =

[
R(ai)R(ai)

⊤
+ I (ai)I (ai)⊤ I (ai)R(ai)

⊤ −R(ai)I (ai)⊤

R(ai)I (ai)⊤ −I (ai)R(ai)
⊤ R(ai)R(ai)

⊤
+ I (ai)I (ai)⊤

]
.

For each j = 1, · · · ,p, define

Wj =

[
e⊤2p,j
e⊤2p,p+j

]
.

Through simple calculation, one can get

|⟨ai,x⟩|2 = x̃⊤Aix̃, i = 1,2, · · · ,n,

and

∥x∥1/21/2 =

p∑
j=1

∥Wjx̃∥1/2,

which yields that

f(x) = f̃(x̃) and F(x) = F̃(x̃) .

Here, f̃(x̃) := 1
n

∑n
i=1 hα(x̃

TAix̃− bi) and F̃(x̃) := f̃(x̃)+λ
∑p

j=1 ∥Wjx̃∥1/2. It is not hard to check that

∇f̃(x̃) = 2

(
R(∇x̄f(x))
I (∇x̄f(x))

)
.
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Moreover, it follows that

Fτ (x,y) = f(y)+
1

2τ
∥x− y+ 2τg(y)∥2 +λ∥x∥1/21/2 − 2τ∥g(y)∥2

= f̃(ỹ)+
1

2τ
∥x̃− ỹ+ τ∇f̃(ỹ)∥2 +λ∥x∥1/21/2 −

τ

2
∥∇f̃(ỹ)∥2

= f̃(ỹ)+ ⟨∇f̃(ỹ) , x̃− ỹ⟩+ 1

2τ
∥x̃− ỹ∥2 +λ

p∑
j=1

∥Wjx̃∥1/21/2,

where ỹ= (R(y)⊤,I(y)⊤)⊤.
We turn to consider the differentiability of

∑p
j=1 ∥Wjx̃∥1/2 based on the 2p-dimension variable x̃.

One can easily get

∂

 p∑
j=1

∥Wjx̃∥1/2
=

p∑
j=1

W⊤
j T̃j (x̃) with T̃j (x̃) =

{
Wjx̃

2∥Wjx̃∥3/2 , if∥Wjx̃∥ ̸= 0,

R2, otherwise,

and then

∂F̃(x̃) =∇f̃(x̃)+λ

p∑
j=1

W⊤
j T̃j (x̃) .

Denote ψ(u) = ψ1(u)+λψ2(u), where ψ1(u) =
∑n

i=1 hα(u
⊤Biu− bi) and ψ2(u) =

∑p
j=1 ∥Dju∥1/2.

For τ > 0, let

ψτ (u,v) = ψ1 (v)+ ⟨∇ψ1 (v) ,u− v⟩+
1

2τ
∥u− v∥2 +λψ2 (u) .

Based on these notations, we introduce the following two minimization problems

min
u∈Rd

ψ (u) and min
u∈Rd

ψτ (u,v) .

It is not hard to check out that the functions ψ and ψτ coincide with F and Fτ by taking u= x,Bi =
aia⊤i , Dj = e⊤p,j and d= p for the real-valued PR case, and by u= x̃,Bi = Ai, Dj =Wj and d= 2p as illus-
trated above for the complex-valued PR case, respectively. We also see that the above two minimization
problems are equivalent to (1.2) and minx∈Hp Fτ (x,y), respectively.

We also need to discuss whether the objective function ψ(u) satisfies the KL property. The following
result combined with lemma 2.3 provides an affirmative answer.

Lemma 5.4. Both hα(u) for u ∈ R and ∥Dju∥1/2 for u ∈ Rd are semialgebraic.

Proof. By the definition of semialgebraic functions, it suffices to prove that the graph of hα(u) denoted by
graphhα is a semialgebraic set. In fact,

graphhα =
{
(u, t) ∈ R2 : hα (u) = t

}
=

{
(u, t) ∈ R2 : t− 1

2
u2 = 0,u2 −α2 < 0

}
∪
{
(u, t) ∈ R2 : t−αu+

1

2
α2 = 0,−u+α < 0

}
∪
{
(u, t) ∈ R2 : t+αu+

1

2
α2 = 0,u+α < 0

}
∪

{
(u, t) ∈ R2 :

(
t− 1

2
α2

)2

+(u−α)
2
= 0, t+ u− 1

2
α2 −α− 1< 0

}

∪

{
(u, t) ∈ R2 :

(
t− 1

2
α2

)2

+(u+α)
2
= 0, t+ u− 1

2
α2 +α− 1< 0

}
.

It indicates that hα(u) is semialgebraic. Moreover, the following statements hold,{
(u, t) ∈ Rp+1 : ∥Dju∥1/2 = t

}
=
{
(u, t) ∈ Rp+1 : ∥Dju∥2 − t4 = 0,−t< 0

}
∪
{
(u, t) ∈ Rp+1 : ∥Dju∥2 + t4 = 0,∥Dju∥2 + t4 − 1< 0

}
,
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thus we obtain that ∥Dju∥1/2 is also semialgebraic.

Now, we are ready to discuss the whole convergence with the help of the KL technique.

Theorem 5.5. (Whole sequence convergence) Assume that {xk} is the sequence generated by algorithm 1. Then
the whole sequence {xk} converges to a vector satisfying (4.3) for a positive number τ .

Proof. Recall that the iteration formula (5.1) can be regarded as a solution of minx∈Hp Fτk(x,x
k), i.e.

xk+1 ∈ argmin
x∈Hp

Fτk
(
x,xk

)
.

Denote uk = xk for xk ∈ Rp, and uk = (R(xk)⊤,I(xk)⊤)⊤ for xk ∈ Cp. We can rewrite the generated
sequence {xk} via the new notation as {uk} which satisfies

uk+1 ∈ argmin
u∈Rd

ψτk
(
u,uk

)
,

and

ψ
(
uk
)
−ψ

(
uk+1

)
⩾ δ∥uk+1 −uk∥2. (5.3)

For each k, we conclude from lemma 2.2 that

0 ∈ 2
(
uk+1 −uk + τk∇ψ1

(
uk
))

+ 2λτk∂ψ2

(
uk+1

)
.

Combing this and (2.2), we obtain that for each k,

τ−1
k

(
uk −uk+1

)
+∇ψ1

(
uk+1

)
−∇ψ1

(
uk
)
∈∇ψ1

(
uk+1

)
+λ∂ψ2

(
uk+1

)
= ∂ψ

(
uk+1

)
. (5.4)

Noting that uk,uk+1 ∈ {u ∈ Rd : ∥u∥⩽ r}, we conclude from (4.2) that

∥∇ψ1

(
uk+1

)
−∇ψ1

(
uk
)
∥⩽ L∥uk −uk+1∥,

which together with (5.4) and lemma 5.2 results in that

dist
(
0,∂ψ

(
uk+1

))
⩽ ∥τ−1

k

(
uk −uk+1

)
+∇ψ1

(
uk+1

)
−∇ψ1

(
uk
)
∥

⩽ τ−1
k ∥uk −uk+1∥+ L∥uk+1 −uk∥

⩽
(
γ−1β−̄j + L

)
∥uk −uk+1∥.

From theorem 5.3, we know that there exists a subsequence {ukl} and a cluster point u∗ such that

ukl → u∗ as j→∞ and ψ
(
uk
)
→ ψ (u∗) as k→∞. (5.5)

This leads to ψ(uk)⩾ ψ(u∗) for all k.
For the case that there exists an index k̄ such that ψ(uk̄) = ψ(ũ). Then, the monotonicity implies that

ψ(uk̄+1) = ψ(ũ). As a direct result the equality and (5.3), we have

0⩽ δ∥uk̄ −uk̄+1∥2 ⩽ ψ
(
uk̄
)
−ψ

(
uk̄+1

)
= 0,

and then uk = uk̄ for any k> k̄. This means that the whole sequence {uk} converges to the point u∗ with
u∗ = uk̄.

We next prove the desired result for the case that ψ(uk)> ψ(u∗) for any k. The second limit in (5.5)
implies that given η > 0 there exists an index k̂1 such that ψ(uk)< ψ(u∗) for any k⩾ k̂1. Therefore, it follows
that

ψ (u∗)< ψ
(
uk
)
< ψ (u∗)+ η (5.6)

for all k⩾ k̂1. Denote∆k = ϕ(ψ(uk)−ψ(u∗)). From lemmas 2.3 and 5.4, we conclude that ψ is a KL
function with ϕ(t) = ct1−ϱ for some c> 0 and rational number ϱ ∈ [0,1). Combing this, ψ(uk)> ψ(u∗)
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and (5.5), we obtain that∆k ⩾ 0 and∆k is monotonically nondecreasing for all k⩾ k̂1. Further, it follows
that for any k⩾ k̂1,

∆k −∆k+1 ⩾ ϕ ′(ψ(uk)< ψ(u∗))(ψ(uk)−ψ(uk+1))

⩾ 1

dist(0,ψ(uk)
(ψ(uk)−ψ(uk+1))

⩾ δ∥uk −uk+1∥2

dist(0,ψ(uk)

⩾ δ∥uk −uk+1∥2

(γ−1β−̄j + L)∥uk −uk−1∥
,

which together with the elementary inequality 2
√
st⩽ s+ t⩾ for any s, t⩾ 0 yields that

2∥uk −uk+1∥⩽ 2

√
γ−1β−̄j + L

δ
(∆k −∆k+1)∥uk −uk−1∥

⩽

(
γβ j̄
)−1

+ L

δ
(∆k −∆k+1)+ ∥uk −uk−1∥.

(5.7)

We now prove the sequence {uk} is a Cauchy sequence. Given any ϵ> 0, we also conclude from (5.5) that
there exists an index k̂2 such that ψ(uk)−ψ(u∗)< ςϵ1

δ where ς is a positive number satisfying

ς <min

δ4 ,
(
δ

(
2c
(
γβ j̄
)−1

+ L

)−1
) 1

1−ϱ

,
1

2

 , ϵ1 =min
{
ϵ2, ϵ

1
1−ϱ

}
.

Denote∆k = ϕ(ψ(uk)−ψ(u∗)) and k̂3 =max{k̂1, k̂2}. Since ϕ(t) = ct1−ϱ for some ϱ ∈ (0,1), ψ(uk)>
ψ(u∗) and (5.5), we obtain that∆k is monotonically nonincreasing and∆k ∈ (0, c( ςϵ1δ )1−ϱ) for all k⩾ k̂3.

Take two arbitrary indexes K1 and K2 with K2 > K1 > k̂3. According to (5.7), we have

2
K2−1∑
k=K1

∥uk −uk+1∥⩽

(
γβ j̄
)−1

+ L

δ

K2−1∑
k=K1

(∆k −∆k+1)+

K2−1∑
k=K1

∥uk −uk−1∥

=

(
γβ j̄
)−1

+ L

δ
(∆K1 −∆K2)+

K2−1∑
k=K1

∥uk −uk+1∥+ ∥uK1 −uK1−1∥

⩽

(
γβ j̄
)−1

+ L

δ
∆K1 +

K2−1∑
k=K1

∥uk −uk+1∥+ ∥uK1 −uK1−1∥,

where the last inequality derives from∆K2 ⩾ 0. Subtracting the second summand from the right-hand side,
we get

K2−1∑
k=K1

∥uk −uk+1∥⩽

(
γβ j̄
)−1

+ L

δ
∆K1 + ∥uK1 −uK1−1∥

⩽

(
γβ j̄
)−1

+ L

δ
∆k̂3

+ ∥uK1 −uK1−1∥,
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where the last inequality derives from that K1 > k̂3 ⩾ k̂1 and∆k is monotonically nonincreasing as k⩾ k̂1.
Combing this, (5.3) and the nonincreasing monotonicity of ψ(uk), we get

∥uK2 −uK1∥⩽
K2−1∑
k=K1

∥uk −uk+1∥

⩽

(
γβ j̄
)−1

+ L

δ
ϕ
(
ψ
(
uk̂3
)
−ψ (u∗)

)
+

√
ψ (uK1−1)−ψ (uK1)

δ

⩽

(
γβ j̄
)−1

+ L

δ
ϕ
(
ψ
(
uk̂3
)
−ψ (u∗)

)
+

√√√√ψ
(
uk̂3
)
−ψ (u∗)

δ

⩽

(
γβ j̄
)−1

+ L

δ
c
( ςϵ1
δ

)1−ϱ
+
ςϵ1
δ

< ϵ,

where the third inequality derives from ψ(uK1−1)⩽ ψ(uk̂3) and ψ(uK1)> ψ(u∗), the fourth follows from
upper bounds of ψ(uk)−ψ(u∗) and∆k as analyzed above, and the last inequality is due to the definitions of
ς and ϵ1. Thus, the sequence {uk} is Cauchy sequence. Therefore, we prove that {uk} converges to u∗.

5.3. Convergence rate
When it comes to estimating the convergence rate, it is well known that the KL exponent plays an
important role. As stated in [55], the KL exponent ϱ ∈ (0,1/2] corresponds to a linear convergence
rate, and ϱ ∈ (1/2,1) corresponds to a sublinear convergence rate. Nevertheless, it is not an easy task
to estimate the KL exponent, especially to verify whether it is strictly smaller than 1/2. Under mild con-
ditions, we check that ψ may have KL property of exponent 1/2 and then prove the proposed algorithm
converges with a linear rate.

Theorem 5.6. (Convergence rate) Assume that {xk} is the sequence generated by algorithm 1. Then the whole
sequence {xk} is convergent and converges at least sublinearly to a vector x∗ satisfying (4.3) for a positive
number τ . Further, if there exists a positive constant ϵ1 < α such that

λmin

 ∑
|⟨x∗,aia⊤i x∗⟩−bi|⩽α−ϵ1

Hi

⩾ 3
∑∣∣|⟨x∗,aia⊤i x∗⟩−bi|−α

∣∣<ϵ1 ∥Hi∥2 +
3λ

4
max
j∈Γ∗

|x∗j |−3/2
(5.8)

for the real-valued PR, and

λmin

 ∑
|⟨x̃∗,Aix̃∗⟩−bi|⩽α−ϵ1

H̃i

⩾ 3
∑∣∣|⟨x̃∗,Aix̃∗⟩−bi|−α

∣∣<ϵ1 ∥H̃i∥2 +
3λ

2
max

∥Dj x̃∗∥≠0
∥Djx̃

∗∥−3/2
(5.9)

for the complex-valued PR, then the whole sequence {xk} converges to the point x∗ with a linear rate. Here,

Hi =
1
n (3⟨ai,x

∗⟩2 − bi)aiΓ∗a⊤iΓ∗ and H̃i =
1
n (2A

Γ̃∗Γ̃∗

i x̃∗
Γ̃∗(x̃

∗
Γ̃∗)

⊤AΓ̃∗Γ̃∗

i + 1
n (⟨x̃

∗,Aix̃∗⟩− bi)A
Γ̃∗Γ̃∗

i ) with

Γ∗ = {j = 1, · · · ,p : e⊤p,jx∗ ̸= 0}, x̃∗ = (R(x∗)⊤, I(x∗)⊤)⊤ and Γ̃∗ = Γ∗ ∪{p+ j : j ∈ Γ∗}.

Proof. According to the proof of theorem 5.5 and notation, both the sequences of {xk} and {uk} have the
same convergence property. So, we only need to prove the convergence of the sequence {uk}. Recall that ψ is
a KL function with ϕ(t) = ct1−ϱ for some c> 0 and rational number ϱ ∈ [0,1). The sublinear convergence
rate of the sequence {uk} can be derived by applying the generic rate of convergence result in [55].

We proceed to prove the liner convergence rate under (5.8) or (5.9). Based on the definition of the oper-
atorH and theorem 5.5, the sequence {xk} converging to x∗ implies that there exists an index ĵ4 such that
{j = 1, · · · ,p : e⊤p,jxk ̸= 0}= Γ∗ for all k⩾ ĵ4. So, it suffices to prove that

xkΓ∗ → x∗Γ∗ (5.10)

with a linear rate.
Let u∗ = x∗ for x∗ ∈ Rp and u∗ = (R(x∗)⊤,I(x∗)⊤)⊤ for x∗ ∈ Cp. We also make use of the unified

notationsΥ∗ and Bi to respectively represent Γ∗ and aia⊤i for the real-valued case, and Γ̃∗ = Γ∗ ∪{p+ j :
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j ∈ Γ∗} and Ai for the complex-valued case, respectively. For any w ∈ R|Υ∗|, define ψΥ∗(w) = ψ1Υ∗(w)+
λψ2Υ∗(w) with

ψ1Υ∗ (w) =
1

n

n∑
i=1

hα
(
w⊤BΥ

∗Υ∗

i w− bi
)
and ψ2Υ∗ (w) =

∑
j∈Γ∗

∥DjΥ∗w∥1/2,

where |Υ∗| represents the cardinality of the setΥ∗. For any u ∈ Rd with {j = 1, · · · ,p : e⊤d,ju ̸= 0} ⊆Υ∗, it is
clear to see that

ψ1 (u) = ψ1Υ∗ (uΥ∗) , ψ2 (u) = ψ2Υ∗ (uΥ∗) and ψ (u) = ψΥ∗ (uΥ∗) .

Then, ψ1Υ∗ is continuous differentiable with the following gradient

∇ψ1Υ∗ (w) =
1

n

n∑
i=1

h ′
α

(
w⊤BΥ

∗Υ∗

i w− bi
)
BΥ

∗Υ∗

i w,

and ψ2Υ∗ is twice continuous differentiable with the following gradient

∇ψ2Υ∗ (w) =
∑
j∈Γ∗

D⊤
jΥ∗

DjΥ∗w

2∥DjΥ∗w∥3/2
.

Beyond these, we have

(∇ψ1 (u))Υ∗ =∇ψ1Υ∗ (uΥ∗) and (∂ψ2 (u))Υ∗ =∇ψ2Υ∗ (uΥ∗) ,

and then

(∂ψ (u))Υ∗ =∇ψ1Υ∗ (uΥ∗)+λ∇ψ2Υ∗ (uΥ∗) .

Recall theorem 2 in [55], then the statement (5.10) holds if ψΥ∗ satisfies the KL property at u∗Υ∗ with an
exponent of 1/2, i.e. the desingularizing function ϕ(·) can be chosen as ϕ(t) = ct1/2 for some c> 0.

We now prove the function ψΥ∗ has the KL property at u∗Υ∗ with an exponent of 1/2. Denote w∗ = u∗Υ∗

and ε1 =
1
2 min{1,minj∈Γ∗ |e⊤p,jx∗|}. Since x∗ satisfies (4.3), we have

u∗ ∈ argmin
u∈Rd

ψτ (u,u
∗)

for some τ > 0. Combing this and lemma 2.2, we get

0 ∈∇ψ1 (u
∗)+λ∂ψ2 (u

∗) ,

which leads to

∇ψΥ∗ (w∗) =∇ψ1Υ∗ (w∗)+λ∇ψ2Υ∗ (w∗) =∇ψ1Υ∗ (uΥ∗)+λ∇ψ2Υ∗ (uΥ∗) = 0. (5.11)

From the similar line of the proof in lemma 4.2, we conclude that

∥∇ψ1Υ∗ (w)−∇ψ1Υ∗ (w∗)∥⩽ 1

n

n∑
i=1

(
α+

(
1+ 2∥Bi∥2ε21

))
∥Bi∥2∥w∗∥∥w−w∗∥, (5.12)

for any w ∈ {w : ∥w−w∗∥< ε1}.We now turn to the second-order differentiability of ψΥ∗ . By simple cal-
culation, one can get the Hessian matrix of ψ2Υ∗ at w as follows

∇2ψ2Υ∗ (w) =
∑
j∈Γ∗

(
D⊤

jΥ∗DjΥ∗

2∥DjΥ∗w∥3/2
−

3D⊤
jΥ∗DjΥ∗w0w⊤D⊤

jΥ∗DjΥ∗

4∥DjΥ∗w∥7/2

)
,

which implies that

∥∇2ψ2Υ∗ (w)∥2

= ∥
∑
j∈Γ∗

(
D⊤

jΥ∗DjΥ∗

2∥DjΥ∗w∥3/2
−

3D⊤
jΥ∗DjΥ∗ww⊤D⊤

jΥ∗DjΥ∗

4∥DjΥ∗w∥7/2

)
∥2

= ∥
∑
j∈Γ∗

1

2∥DjΥ∗w∥3/2

(
D⊤

jΥ∗DjΥ∗ −
3D⊤

jΥ∗DjΥ∗ww⊤D⊤
jΥ∗DjΥ∗

2∥DjΥ∗w∥2

)
∥2.
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Combing this and the notation of DjΥ∗ , we obtain that

∥∇2ψ2Υ∗ (w)∥2

= ∥
∑
j∈Γ∗

1

2∥DjΥ∗w∥3/2

(
1−

3DjΥ∗ww⊤D⊤
jΥ∗

2∥DjΥ∗w∥2

)
D⊤

jΥ∗DjΥ∗∥2

=
1

4
∥
∑
j∈Γ∗

1

2∥DjΥ∗w∥3/2
D⊤

jΥ∗DjΥ∗∥2

⩽ 1

4
max
j∗∈Γ∗

∥DjΥ∗w∥−3/2 =
1

4
max
j∗∈Γ∗

∥wj|−3/2

as DjΥ∗ = (e⊤p,j)Υ∗ , and

∥∇2ψ2Υ∗ (w)∥2 ⩽ ∥
∑
j∈Γ∗

1

2∥DjΥ∗w∥3/2
D⊤

jΥ∗

(
I2 −

3DjΥ∗ww⊤D⊤
jΥ∗

2∥DjΥ∗w∥2

)
DjΥ∗∥2

⩽ 1

2
max
j∈Γ∗

∥DjΥ∗w∥−3/2

as

DjΥ∗ =WjΥ∗ =

[
e⊤2p,j
e⊤2p,p+j

]
Υ∗

.

Combing the above upper bounds and the mean value theorem enables to us derive that

∥∇ψ2Υ∗ (w)−∇ψ2Υ∗ (w∗)∥= ∥
ˆ 1

n
⟨∇ψ2

2Υ∗ (w∗ + t(w−w∗)) ,w−w∗⟩dt∥

⩽
ˆ 1

n
∥∇ψ2

2Υ∗ (w∗ + t(w−w∗))∥2∥w−w∗∥dt

⩽ 1

2

ˆ 1

n
max
j∈Γ∗

∥DjΥ∗ (w∗ + t(w−w∗))∥−3/2dt∥w−w∗∥

⩽ 1

2
max
j∈Γ∗

sup
∥w−w∗∥⩽ϵ2

∥DjΥ∗w∥−3/2∥w−w∗∥

⩽ 2max
j∈Γ∗

∥DjΥ∗w∗∥−3/2∥w−w∗∥

(5.13)

for any w ∈ {w : ∥w−w∗∥< ε1}. Recall that the second inequality of (2.1) implies that ψi
1Υ∗ :=

h ′
α(w

⊤BΥ
∗Υ∗

i w− bi)B
Υ∗Υ∗

i w is locally Lipschitz continuous for each i = 1, · · · ,n. Then, the generalized
Jacobian matrix of ψi

1Υ∗ at w, denoted by J(ψi
1Υ∗ ;w), is the set of matrices defined as the convex hull of{

M : ∃wl → wwithψi
1Υ∗ differentiable atwl and J

(
ψi
1Υ∗ ;wl

)
→M

}
,

where J(ψi
1Υ∗ ;wl) is the Jacobian matrix of ψi

1Υ∗ at wl. It is easy to check that

J
(
ψi
1Υ∗ ;w

)
=


Mi (w) , if⟨w,BΥ

∗Υ∗

i w⟩< α,

{0} , if⟨w,BΥ
∗Υ∗

i w⟩> α,{
κiM

i (w) : κi ∈ [0,1]
}
, if⟨w,BΥ

∗Υ∗

i w⟩= α,

where

Mi (w) =
1

n

(
2BΥ

∗Υ∗

i ww⊤BΥ
∗Υ∗

i +
(
⟨w,BΥ

∗Υ∗

i w⟩− bi
)
BΥ

∗Υ∗

i

)
.

As a direct result, we have

∥J
(
ψi
1Υ∗ ;w

)
∥2 ⩽ ∥Mi (w)∥2. (5.14)

Notice that there exists a small enough number ε2 ∈ (0,ε1] such that for any w ∈ {w : ∥w−w∗∥< ε2},

max
1⩽i⩽n

|⟨w,BΥ
∗Υ∗

i w⟩− ⟨w∗,BΥ
∗Υ∗

i w∗⟩|< ϵ1
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which together with triangle inequality results in

|⟨w∗,BΥ
∗Υ∗

i w∗⟩− bi| − ϵ1 < |⟨w,BΥ
∗Υ∗

i w⟩− bi|< |⟨w∗,BΥ
∗Υ∗

i w∗⟩− bi|+ ϵ1.

Define Γα1 (w) = {i = 1, · · · ,n : |⟨w,BΥ
∗Υ∗

i w⟩− bi|⩽ α}, Γα2 (w) = {i = 1, · · · ,n : |⟨w,BΥ
∗Υ∗

i w⟩− bi|> α},
Γα,ϵ11 = {i = 1, · · · ,n : |⟨w∗,BΥ

∗Υ∗

i w∗⟩− bi|⩽ α− ϵ1}, and Γα,ϵ12 = {i = 1, · · · ,n : |⟨w∗,BΥ
∗Υ∗

i w∗⟩− bi| −
α|< ϵ1}. For any w ∈ {w : ∥w−w∗∥< ε2}, then, we have

Γα,ϵ11 ⊆
{
i = 1, · · · ,n : |⟨w,BΥ

∗Υ∗

i w⟩− bi|< α
}
⊆ Γα1 (w)⊆ Γα,ϵ11 ∪Γα,ϵ12 ,

and rewrite ψ1Υ∗(w) as follows

ψ1Υ∗ (w) =
∑

i∈Γα1 (w)

ψi
1Υ∗ (w)+

∑
i∈Γα2 (w)

ψi
1Υ∗ (w)

=
∑

i∈Γ
α,ϵ1
1

ψi
1Υ∗ (w)+

∑
i∈Γα1 (w)\Γα,ϵ11

ψi
1Υ∗ (w)+

∑
i∈Γα2 (w)

ψi
1Υ∗ (w)

≜ ψ
(1)
1Υ∗ (w)+ψ

(2)
1Υ∗ (w)+ψ

(3)
1Υ∗ (w) .

From the above analysis, one can see that both ψ(1)
1Υ∗ and ψ(3)

1Υ∗ are continuous differentiable and the corres-
ponding Jacobian matrices at point w coincide with the Hessian matrices, i.e.

J
(
ψ
(1)
1Υ∗ ;w

)
=∇2ψ

(1)
1Υ∗ (w) =

∑
i∈Γ

α,ϵ1
1

Mi (w) ,

and

J
(
ψ
(3)
1Υ∗ ;w

)
=∇2ψ

(3)
1Υ∗ (w) = 0.

The generalized Jacobian matrix of ψ(2)
1Υ∗ at w satisfies

J
(
ψ
(2)
1Υ∗ ;w

)
⊆

∑
i∈Γα1 (w)\Γα,ϵ11

J
(
ψi
1Υ∗ ;w

)
⊆
∑

i∈Γ
α,ϵ1
2

J
(
ψi
1Υ∗ ;w

)
,

which together with (5.14) and the triangle inequality yields that

∥J
(
ψ
(2)
1Υ∗ ;w

)
∥2 ⩽

∑
i∈Γ

α,ϵ1
2

∥Mi (w)∥2 ⩽
∑

i∈Γ
α,ϵ1
2

(
∥Mi (w∗)∥2 + ∥Mi (w)−Mi (w∗)∥2

)
.

Therefore, the generalized Jacobian matrix of ψΥ∗ at w satisfies

J(ψΥ∗ ;w)⊆ J(ψ1Υ∗ ;w)+λ∇2ψ2Υ∗ (w)

⊆ J
(
ψ
(1)
1Υ∗ ;w

)
+ J
(
ψ
(2)
1Υ∗ ;w

)
+ J
(
ψ
(3)
1Υ∗ ;w

)
+λ∇2ψ2Υ∗ (w)

=∇2ψ
(1)
1Υ∗ (w)+ J

(
ψ
(2)
1Υ∗ ;w

)
+λ∇2ψ2Υ∗ (w) ,

which together with the above inequality yields that the smallest eigenvalue of J(ψΥ∗ ;w), denoted by
λmin(J(ψΥ∗ ;w)), satisfies

λmin (J(ψΥ∗ ;w))⩾ λmin

(
∇2ψ

(1)
1Υ∗ (w)

)
−∥J

(
ψ
(2)
1Υ∗ ;w

)
∥2 −λ∥∇2ψ2Υ∗ (w)∥2

⩾ λmin

(
∇2ψ

(1)
1Υ∗ (w)

)
−∥

∑
i∈Γ

α,ϵ1
2

Mi (w∗)∥2 −λ∥∇2ψ2Υ∗ (w∗)∥2

−
∑

i∈Γ
α,ϵ1
2

∥Mi (w)−Mi (w∗)∥2 −λ∥∇2ψ2Υ∗ (w)−∇2ψ2Υ∗ (w∗)∥2

⩾ λmin

(
∇2ψ

(1)
1Υ∗ (w∗)

)
−∥

∑
i∈Γ

α,ϵ1
2

Mi (w∗)∥2 −λ∥∇2ψ2Υ∗ (w∗)∥2

−∥∇2ψ
(1)
1Υ∗ (w)−∇2ψ

(1)
1Υ∗(w∗)∥2 −

∑
i∈Γ

α,ϵ1
2

∥Mi(w)−Mi(w∗)∥2

−λ∥∇2ψ2Υ∗(w)−∇2ψ2Υ∗(w∗)∥2.

(5.15)
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Noting Γα,ϵ11 = Γα,ϵ1 and taking a sufficiently small positive number ε3 ⩽ ε2 such that

∥∇2ψ
(1)
1Υ∗ (w)−∇2ψ

(1)
1Υ∗ (w∗)∥2 ⩽

ϵ2
9
,

∑
i∈Γ

α,ϵ1
2

∥Mi (w)−Mi (w∗)∥2 ⩽
ϵ2
9

and

λ∥∇2ψ2Υ∗ (w)−∇2ψ2Υ∗ (w∗)∥2 ⩽
ϵ2
9

for any w ∈ {w : ∥w−w∗∥< ε3}, we conclude from the conditions (5.8) and (5.9) and the inequality (5.15)
that

λmin (J(ψΥ∗ ;w))⩾ ϵ2
3
. (5.16)

For any w ∈ {w : ∥w−w∗∥< ε3}, by theorem 8 in [56], we obtain that there exist real numbers σl, vec-
tors wl,matricesMl, l= 1, · · · ,m such thatϖl ⩾ 0, wl lying in the segment [w,w∗],Ml ∈ J(ψΥ∗ ,wl) for all l,∑m

l=1ϖl = 1 and

∇ψΥ∗ (w)−∇ψΥ∗ (w∗) =
m∑
l=1

ϖlMl (w−w∗) ,

which together with (5.16) leads to

∥∇ψΥ∗ (w)−∇ψΥ∗ (w∗)∥= ∥
m∑
l=1

ϖlMl (w−w∗)∥

⩾ λmin

(
m∑
l=1

ϖlMl

)
∥w−w∗∥⩾ ϵ2

3
∥w−w∗∥.

(5.17)

It follows from (5.6) and ψ(u) = ψΥ∗(uΥ∗) that the set {w : ψΥ∗(w∗)< ψΥ∗(w)< ψΥ∗(w∗)+ η} is
nonempty. For any w ∈ {w : ψΥ∗(w∗)< ψΥ∗(w)< ψΥ∗(w∗)+ η}∩ {w : ∥w−w∗∥< ε3}, we conclude
from the mean value theorem, (5.11), (5.12) and (5.13) that

0< ψΥ∗(w)−ψΥ∗(w∗)

= ⟨∇ψΥ∗(w∗ + t(w−w∗)),w−w∗⟩
= ⟨∇ψΥ∗(w∗ + t(w−w∗))−∇ψΥ∗(w∗),w−w∗⟩+ ⟨∇ψΥ∗(w∗),w−w∗⟩
= ⟨∇ψΥ∗(w∗ + t(w−w∗))−∇ψΥ∗(w∗),w−w∗⟩
⩽ ∥∇ψΥ∗(w∗ + t(w−w∗))−∇ψΥ∗(w∗)∥∥w−w∗∥
⩽ (∥∇ψ1Υ∗(w∗ + t(w−w∗))−∇ψ1Υ∗(w∗)∥∥w−w∗∥

+λ∥∇ψ2Υ∗(w∗ + t(w−w∗))−∇ψ2Υ∗(w∗)∥∥w−w∗∥
⩽ Lψ∗∥w−w∗∥2,

where Lψ∗ = 1
n

∑n
i=1(α+(1+ 2∥Bi∥2ε23))∥Bi∥2∥w∗∥+ 2λmaxj∈Γ∗ ∥DjΥ∗w∗∥−3/2. By the above inequality

and (5.17), we then get

dist(0,∇ψΥ∗ (w))⩾ ϵ2
3
∥w−w∗∥⩾ ϵ2

3L1/2ψ∗
(ψΥ∗ (w)−ψΥ∗ (w∗))

1/2
.

This means the function ψΥ∗ satisfies the KL property with ϕ(t) =
3L1/2
ψ∗

ϵ2
t1/2 at the point w∗ = u∗Υ∗ . Thus, we

complete the proof.

Remark 5. To show the reasonableness of (5.8) and (5.9), we take the real-valued case as an example.
Consider the matrixHi(x) =

1
n (3⟨ai,x⟩

2 − bi)aiΓ⋄a⊤iΓ⋄ which can be rewritten as

Hi (x) =
2

n
⟨ai,x⟩2aiΓ⋄a⊤iΓ⋄ −

1

n
εiaiΓ⋄a⊤iΓ⋄ .
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It is easy to check that{
i = 1, · · · ,n : |⟨x⋄,aia⊤i x⋄⟩− bi|⩽ α− ϵ1

}
= {i = 1, · · · ,n : |εi|⩽ α− ϵ1}

and {
i = 1, · · · ,n : |⟨x⋄,aia⊤i x⋄⟩− bi| −α

∣∣< ϵ1
}
=
{
i = 1, · · · ,n :

∣∣|εi| −α
∣∣< ϵ1

}
Similar to the proof of lemma 3.1, one can see that both

∥1
n

∑
|εi|⩽α−ϵ1

εiaiΓ⋄a⊤iΓ⋄∥2 and ∥1
n

∑∣∣|εi|−α∣∣<ϵ1 εiaiΓ⋄a⊤iΓ⋄∥2

are very small with high probability. By simple calculation, we also have

∥
∑∣∣|εi|−α∣∣<ϵ1Hi (x

⋄)∥2 ⩽ ∥2
n

∑∣∣|εi|−α∣∣<ϵ1⟨ai,x
⋄⟩2aiΓ⋄a⊤iΓ⋄∥2 +

1

n
∥

∑∣∣|εi|−α∣∣<ϵ1 εiaiΓ⋄a⊤iΓ⋄∥2

⩽ 2

n

∑∣∣|εi|−α∣∣<ϵ1 ∥ai∥
4∥x⋄∥2 + 1

n
∥

∑∣∣|εi|−α∣∣<ϵ1 εiaiΓ⋄a⊤iΓ⋄∥2.

Take ϵ1 = (1− ρ0)α, and then {|εi|⩽ α− ϵ1}= I in
0 and {

∣∣|εi| −α
∣∣< ϵ1} ⊆ {i : |εi|> ρ0α}. Given the con-

ditions (3.3) and (3.6), it is not hard to check that

λmin

2

n

∑
|εi|⩽α−ϵ1

(ai,x
⋄)

2 aiΓ⋄a⊤iΓ⋄

⩾ 2C2∥x⋄∥2

and λmaxj⋄∈Γ⋄ |x⋄j |−3/2 is very small. Therefore, in the corruption model mentioned in remark 1, the above
analysis implies that

λmin

 ∑
|εi|⩽α−ϵ1

Hi (x
⋄)


⩾ λmin

2

n

∑
|εi|⩽α−ϵ1

(ai,x
⋄)

2 aiΓ⋄a⊤iΓ⋄

−∥1
n

∑
|εi|⩽α−ϵ1

εiaiΓ⋄a⊤iΓ⋄∥2

⩾ 3∥
∑∣∣|εi|−α∣∣<ϵ1Hi (x

⋄)∥2 +
3

4
λ max

j⋄∈Γ⋄
|x⋄j |−3/2

when the proportion of corrupted measurements is relatively small and ∥ai∥2 = 1 for each i = 1, · · · ,n.
Further, since eachHi(x) depends continuously on x, the residuals |⟨x,ai a⊤i x⟩− bi| are continuous in x, and
the factor maxj∈Γ⋄ |xj|−3/2 is continuous in a neighborhood of x⋄ (because |x⋄j |> 0 for j ∈ Γ⋄), the same
spectral gap inequality remains valid throughout a sufficiently small neighborhood of x⋄. This means that
condition (5.8) is reasonable.

6. Numerical experiments

This section conducts numerical examples to illustrate the superiority of the proposed method with sev-
eral popular methods, i.e. M-RWF [30], M-MRAF [31], L0L1-PR [29], LAD-ADMM [32] and L1/2-LAD [33].
All experiments are implemented in MATLAB(R2018b) on a laptop with 8GB memory.

6.1. Setup
For the parameters λ and α, they are both tuned by cross-validation techniques. Particularly, α is set
as 1.345 for noise cases and 0.1345 for outlier cases, respectively. The initial point is generated from
the spectral initialization based on [34] like in [30, 31, 33] for real-valued cases, and chooses the vector
that sets all but the largest (in magnitude) 2s elements of the spectral initialization to zero for complex-
valued cases. It is worth mentioning that the sparsity s has a certain influence on simulation results.
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Figure 1. Success rates versus n/p for signal examples: (a)–(c) are the results for real-valued cases, (d)–(f) are the results for
complex-valued cases.

Considering the number s is unknown for some cases, a rough estimate of s from the priori informa-
tion is taken. Of course, one can replace 2s with another number not far from s. According to [34, 57],
the relative error is determined by

relative error= min
θ∈[0,2π]

∥x̂− eiθxtrue∥
∥xtrue∥

,

where x̂ denotes the solution obtained by optimization solvers and xtrue denotes the true signal. We say
that the recovery is successful if the relative error is less than 5× 10−3. The success rate is the percentage
of the successful numbers over 50 Monte Carlo runs.

In order to evaluate the performance of all compared methods, we consider three different types of
noise {εi}ni=1 as follows.

• Type-I: Dense bounded noise [30], which is generated independently from the uniform distribution
U(0,µ), where µ= η∥xtrue∥2 and η= 0.1.

• Type-II: Laplace noise [35], which is generated independently by Laplace(0,µ/
√
2), where µ=

η
√∑n

i=1 b
2
i /n with η= 0.1.

• Type-III: Outliers [31], each measurement bi is corrupted by U(0,∥xtrue∥2) with Bernoulli(η) and
η= 0.1.

6.2. Signal examples
In this study, we fix p= 128 and s= 12. Assume that ai ∈Hp are generated from i.i.d. standard normal
distributions, the s-sparse vector xtrue ∈Hp is generated from Gaussian random vectors, and the number
of measurements n varies in the candidate set {p,2p, · · · ,10p}.

Figure 1 shows the success rates versus n/p for real-valued cases marked with (R) and complex-
valued cases marked with (C), respectively. It can be seen that for complex-valued cases, the success
rates of our proposed method are the highest among all comparison methods, and are far higher than
other comparison methods for real-valued cases with Type-II noise. This suggests that the proposed
method is robust for all selected noise, ranging from Gaussian noise, Laplace noise and outliers.

In addition, the corresponding running times for n= 2p,4p,6p,8p,10p are listed in table 1 and
table 2, respectively. Moreover, the best results are marked in bold. For all cases, the proposed method
performs very stably and takes less than 1 second, outperforming L0L1-PR, LAD-ADMM and L1/2-LAD.
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Table 1. Running time (in seconds) under different n/p for real-valued cases. The best results are marked in bold.

M-RWF M-MRAF L0L1-PR LAD-ADMM L1/2-LAD This work

Type-I n= 2p 0.01 0.03 9.74 0.50 66.16 0.41

n= 4p 0.01 0.03 17.64 10.70 75.90 0.22

n= 6p 0.01 0.04 23.96 68.28 92.50 0.18

n= 8p 0.02 0.04 31.07 308.14 111.75 0.26

n= 10p 0.02 0.05 37.05 356.20 126.22 0.22

Type-II n= 2p 0.07 0.17 15.64 0.59 95.26 0.50

n= 4p 0.32 0.80 25.74 7.94 110.99 0.26

n= 6p 0.50 1.24 37.21 88.32 150.70 0.33

n= 8p 0.72 1.76 54.02 427.12 209.31 0.32

n= 10p 0.89 2.18 64.11 565.66 224.93 0.41

Type-III n= 2p 0.01 0.03 13.66 0.58 92.60 0.26

n= 4p 0.02 0.01 23.46 13.08 34.91 0.18

n= 6p 0.02 0.01 33.96 41.98 20.14 0.18

n= 8p 0.03 0.01 44.34 203.52 30.84 0.23

n= 10p 0.04 0.01 56.42 345.63 21.03 0.39

Table 2. Running time (in seconds) under different n/p for complex-valued cases. The best results are marked in bold.

M-RWF M-MRAF L0L1-PR LAD-ADMM L1/2-LAD This work

Type-I n= 2p 0.02 0.05 14.77 3.14 58.91 0.29

n= 4p 0.02 0.06 21.84 223.51 80.43 0.42

n= 6p 0.03 0.07 30.99 711.59 107.21 0.26

n= 8p 0.04 0.09 47.9 1327.11 155.58 0.25

n= 10p 0.05 0.10 66.125 1459.33 233.05 0.28

Type-II n= 2p 0.03 0.06 22.85 1.67 105.84 0.60

n= 4p 0.04 0.08 32.05 261.59 134.32 0.89

n= 6p 0.05 0.10 40.79 773.32 163.65 0.58

n= 8p 0.06 0.13 57.96 1246.02 230.07 0.60

n= 10p 0.08 0.16 70.50 1565.18 266.72 0.62

Type-III n= 2p 0.02 0.06 19.52 3.69 100.79 0.54

n= 4p 0.04 0.08 27.54 157.62 116.70 0.36

n= 6p 0.05 0.02 35.84 440.57 22.01 0.25

n= 8p 0.05 0.02 47.64 553.92 7.90 0.28

n= 10p 0.07 0.02 62.48 528.91 6.82 0.23

In particular, for the complex-valued case n= 10p with Type-I noise, the running time is reduced by
more than 5000 times compared to LAD-ADMM. Although M-RWF and M-MRAF require less running time,
their performance is poor as shown in figure 2.

6.3. Image examples
In this study, we compare the performance of image recovery. Figure 3 shows the tested images, i.e. (a)
HI and (b) Star. Tables 3–5 provide the relative errors and running time(s) in brackets for tested images
with the Type-I, Type-II and Type-III noise under different η, respectively. Moreover, the smallest errors
with the corresponding running times are labeled in bold. It can be concluded that for tested images
with the Type-I and Type-II noise, the proposed method always achieves smaller errors using relatively
cheap running time compared to other methods. It then validates the robustness of image recovery. We
would like to point out that for tested images with the Type-III noise, the proposed method performs
better than L0L1-PR and L1/2-LAD, but worse than M-RWF and M-MRAF, which is consistent with the
conclusion in section 6.2.

We here also consider the images corrupted by Gaussian noise [35], generated from εi = η∥b∥/
√
nwi

for i = 1, · · · ,n, where {wi} is the Gaussian noise with zero mean and unit variance; see table 6 for the
computational results. Obviously, the proposed method is able to achieve the smallest relative errors with
the smallest running times, which again shows the robustness.

From the above signal and image experiments, it can be seen that although the performance is dif-
ferent on real- and complex-valued datasets under different types of noise, compared with the other
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Figure 2. Relative errors versus iterations with n= 6p for signal examples: (a)–(c) are the results for real-valued cases, (d)–(f) are
the results for complex-valued cases.

Figure 3. Tested images: (a) HI with the pixel size 72× 60 and (b) Star with the pixel size 40× 40.

Table 3. Relative errors (running time) under the Type-I noise for tested images. The best results with the
corresponding time are marked in bold.

M-RWF M-MRAF L0L1-PR L1/2-LAD This work

HI η= 0.001 3.88×10−4

(5.35)

3.85×10−2

(10.99)

4.08×10−4

(180.55)

2.67×10−3

(180.48)

3.53×10−4

(4.47)

η= 0.01 3.85×10−3

(6.67)

3.83×10−3

(14.30)

3.72×10−3

(180.39)

4.72×10−2

(180.37)

3.20×10−3

(4.90)

η= 0.1 3.83×10−2

(8.03)

3.20×10−2

(13.52)

3.66×10−1

(180.78)

1.17×10−1

(180.92)

2.82×10−2

(6.49)

Star η= 0.001 3.74×10−4

(2.29)

3.73×10−4

(4.93)

1.00×10−3

(145.67)

2.74×10−3

(61.56)

3.54×10−4

(2.07)

Star η= 0.01 4.03×10−3

(2.39)

4.02×10−3

(6.15)

4.50×10−3

(159.19)

5.08×10−2

(66.49)

3.31×10−3

(2.27)

η= 0.1 3.96×10−2

(2.66)

3.68×10−2

(4.87)

3.92×10−2

(164.16)

1.20×10−1

(65.58)

2.74×10−2

(2.54)

28



Inverse Problems 42 (2026) 045014 J Fan et al

Table 4. Relative errors (running time) under the Type-II noise for tested images. The best results with the
corresponding time are marked in bold.

M-RWF M-MRAF L0L1-PR L1/2-LAD This work

HI η= 0.001 9.78×10−4

(7.14)

9.63×10−4

(12.43)

8.97×10−4

(180.82)

6.58×10−3

(180.47)

8.50×10−4

(3.58)

η= 0.01 9.85×10−3

(7.61)

9.85×10−3

(12.62)

9.09×10−3

(180.60)

4.07×10−2

(180.53)

8.68×10−3

(3.65)

η= 0.1 9.92×10−2

(7.65)

1.02×10−1

(14.18)

9.26×10−2

(180.74)

2.50×10−1

(180.71)

7.74×10−2

(3.07)

Star η= 0.001 9.95×10−4

(3.19)

9.64×10−4

(6.09)

1.27×10−3

(135.68)

1.16×10−2

(63.35)

1.80×10−4

(0.57)

η= 0.01 9.54×10−3

(3.16)

9.69×10−3

(6.02)

9.75×10−3

(165.75)

6.20×10−2

(68.14)

1.72×10−3

(0.71)

η= 0.1 9.39×10−2

(3.38)

9.73×10−2

(6.15)

9.59×10−2

(135.17)

2.66×10−1

(64.94)

3.97×10−2

(1.57)

Table 5. Relative errors (running time) under the Type-III noise for tested images. The best results with the
corresponding time are marked in bold.

M-RWF M-MRAF L0L1-PR L1/2-LAD This work

HI η= 0.15 9.11×10−6

(0.95)

7.41×10−6

(0.83)

9.83×10−5

(178.68)

1.28×10−1

(180.48)

1.48×10−2

(6.89)

η= 0.2 9.19×10−6

(0.85)

9.08×10−6

(0.86)

8.13×10−5

(180.58)

1.40×10−1

(180.50)

5.17×10−2

(4.81)

η= 0.25 9.27×10−2

(8.53)

9.94×10−6

(1.46)

2.15×10−2

(180.32)

1.58×10−1

(180.60)

7.48×10−2

(3.90)

Star η= 0.15 8.99×10−6

(0.38)

9.26×10−6

(0.30)

9.87×10−3

(133.15)

1.25×10−1

(65.37)

5.17×10−4

(0.53)

η= 0.2 9.83×10−6

(0.51)

9.96×10−6

(0.43)

1.21×10−3

(132.35)

1.36×10−1

(57.81)

3.05×10−5

(0.74)

η= 0.25 1.08×10−2

(2.75)

9.04×10−6

(0.55)

1.22×10−3

(136.63)

1.58×10−1

(61.07)

2.55×10−5

(1.02)

Table 6. Relative errors (running time) under the Gaussian noise for tested images. The best results with the
corresponding time are marked in bold.

M-RWF M-MRAF L0L1-PR L1/2-LAD This work

HI η= 0.001 1.10×10−3

(9.02)

1.10×10−3

(14.69)

1.19×10−3

(180.98)

6.61×10−3

(180.56)

9.84×10−4

(2.88)

η= 0.01 1.09×10−2

(7.16)

1.09×10−2

(13.65)

1.10×10−2

(180.72)

4.30×10−2

(180.47)

9.37×10−3

(3.22)

η= 0.1 1.12×10−1

(8.18)

1.12×10−1

(14.26)

1.14×10−1

(180.91)

2.70×10−1

(180.50)

9.34×10−2

(5.21)

Star η= 0.001 1.12×10−3

(3.05)

1.08×10−3

(5.96)

9.87×10−3

(133.15)

8.71×10−3

(63.87)

2.81×10−4

(0.83)

η= 0.01 1.06×10−2

(3.08)

1.07×10−2

(6.51)

1.08×10−2

(145.14)

6.37×10−2

(63.01)

2.47×10−3

(0.83)

η= 0.1 1.13×10−1

(6.04)

1.13×10−1

(8.44)

1.15×10−1

(180.35)

2.64×10−1

(66.75)

5.30×10−2

(2.45)

methods, our proposed method has higher robustness and accuracy with moderate running time. This,
together with the statistical guarantee, convinces us to believe that the proposed method is robust.

7. Conclusions

In this paper, we have proposed a new robust PR method to recover signals with noise and outliers.
Particularly, both real- and complex-valued cases have been considered. For the real-valued case, we
have established the consistency of the estimator and derived its convergence rate. By applying the MM
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framework, we have established a fixed point inclusion for the global minimizer and developed an effi-
cient and convergent optimization algorithm. Further, we have shown that the whole generated sequence
converges with a linear rate. Note that the consistency demonstrates that the proposed method possesses
favorable statistical properties, and the fixed-point inclusion provides a theoretical foundation for design-
ing our algorithm. Combined with the obtained results on the algorithm’s convergence and convergence
rate, we have essentially addressed the three initial questions. It is worth mentioning that the existing
algorithms for regularized methods in complex-valued cases only gave the guarantee that the limit point
of the generated sequence satisfies a necessary optimality condition of a real-valued optimization prob-
lem transformed by the original problem in the complex domain, by separating the real and imagin-
ary part and lifting the dimension. However, we have stated that these two problems are not equivalent.
Fortunately, we have proved that the generated sequence converges to a vector satisfying the fixed point
inclusion introduced by the original problem in the complex domain. Numerical examples under differ-
ent settings for both signals and images verify the effectiveness of the proposed method.

There remain several important directions for future work. First, it is essential to establish non-
asymptotic error bounds at the rate

OP

(√
∥x⋄∥0 log(p/∥x⋄∥0)/n

)
for the proposed estimator in high-dimensional settings (p> n), covering both real and complex signal
cases.In addition, a thorough investigation into the geometric properties of the objective function would
provide valuable insight into whether the algorithm converges to statistically favorable solutions. Thirdly,
in certain cases, such as images corrupted by the Type-III noise, the proposed method does not achieve
the best performance, suggesting the need to integrate deep learning techniques to enhance robustness.
Finally, we are interested in applying the proposed method to real-world scenarios, including optical
imaging and crystallography.
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Appendix A. Proof of lemma 3.1

For convenience, we let the sub-exponential random variable ε1 be with parameters (σ2,κ), i.e. for all
s ∈ R such that |s|⩽ 1/κ,

Ees(|ε1|−E|ε1|) ⩽ exp

(
s2σ2

2

)
.

Based upon Bernstein’s inequality, for any t1 > 0, it follows that

P

(
1

n

n∑
i=1

(|εi| −E|εi|)> t1

)
⩽ exp

{
− n

2
min

{
t21
σ2
,
t1
κ

}}
.

The condition (3.4) results in t21/(σ
2)⩽ tn/κ for large enough n. Therefore, it follows that

P

(
1

n

n∑
i=1

(|εi| −E|εi|)> tn

)
⩽ exp

{
− nt2n

2σ2

}
=

1

(1+ 2n)(2p+1)/σ2 → 0. (A.1)

Notice that |h ′
α(·)|⩽ α which together with example 2.4 in [58] implies that h ′

α(εi) is sub-Gaussian
with variance proxy α2. Using the assumption that the distribution of εi is symmetric, one can see that
Eh ′

α(εi) = 0 for any α> 0. Similar to the proof of lemma 3.1 in [59], we can estimate the probability
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P(E2). To keep the paper self-contained, we give the details. For any nonzero vectors u,v ∈ Rp, it follows
from Bernstein’s inequality that

P

(
|1
n

n∑
i=1

⟨u,aia⊤i v⟩h ′
α (εi) |> tnα

)
⩽ 2exp

{
− nt2n

2
∑n

i=1⟨u,aia⊤i v⟩2/n

}
,

which together with the fact
∑n

i=1⟨u,aia⊤i v⟩2/n⩽ ∥u∥2∥v∥2 results in

P

(
|1
n

n∑
i=1

⟨u,aia⊤i v⟩h ′
α (εi) |> tnα

)
⩽ 2exp

{
− nt2n

2∥u∥2∥v∥2
}
. (A.2)

For any u ∈ Sp−1, let

B(u, δ) :=
{
u ∈ Sp−1 : ∥v−u∥⩽ δ

}
.

It follows from [58, example 5.8] that there exists a covering net {uj} ∈ Sp−1 with cardinality which is
upper bounded as J := (1+ 2n)p such that

Sp−1 ⊆
J⋃

j=1

B

(
uj,

1

n

)
. (A.3)

Using this result, for any fixed v ∈ Sp−1, we obtain that

sup
u∈Sp−1

|1
n

n∑
i=1

⟨u,aia⊤i v⟩h ′
α (εi) |

⩽ sup
u∈

∪J
j=1 B(uj,

1
n )
|1
n

∑
i∈I in

0

⟨u,aia⊤i v⟩h ′
α (εi) |

⩽ max
1⩽j⩽J

|1
n

n∑
i=1

⟨uj,aia⊤i v⟩h ′
α (εi) |+ sup

u∈
∪J

j=1 B(uj,
1
n )
|1
n

n∑
i=1

⟨u−uj,aia⊤i v⟩h ′
α (εi) |


⩽ max

1⩽j⩽J

|1
n

n∑
i=1

⟨uj,aia⊤i v⟩h ′
α (εi) |+ sup

u∈
∪J

j=1 B(uj,
1
n )

√√√√1

n

n∑
i=1

⟨u−uj,aia⊤i v⟩2

√√√√1

n

n∑
i=1

(h ′
α (εi))

2


⩽ max

1⩽j⩽J

|1
n

n∑
i=1

⟨uj,aia⊤i v⟩h ′
α (εi) |+ sup

u∈
∪J

j=1 B(uj,
1
n )
∥u−uj∥∥v∥α


⩽ max

1⩽j⩽J
|1
n

n∑
i=1

⟨uj,aia⊤i v⟩h ′
α (εi) |+

α

n
.

Notice that v ∈ Sp−1. The same reasoning allows us to get, for each fixed uj,

sup
v∈Sp−1

|1
n

n∑
i=1

⟨uj,aia⊤i v⟩h ′
α (εi) |⩽ max

1⩽k⩽J
|1
n

n∑
i=1

⟨uj,aia⊤i vk⟩h ′
α (εi) |+

α

n
.

The above two inequalities enable us to derive that

sup
u,v∈Sp−1

|1
n

n∑
i=1

⟨u,aia⊤i v⟩h ′
α (εi) |⩽ max

1⩽j,k⩽J
|1
n

n∑
i=1

⟨uj,aia⊤i vk⟩h ′
α (εi) |+

α

n
.
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According to the above inequality, we have

P

(
sup

u,v∈Sp−1

|1
n

n∑
i=1

⟨u,aia⊤i v⟩h ′
α (εi) |> tnα+

α

n

)

⩽P

(
max

1⩽j,k⩽J
|1
n

n∑
i=1

⟨uj,aia⊤i vk⟩h ′
α (εi) |+

α

n
> tnα+

α

n

)

⩽P

(∣∣ max
1⩽j,k⩽J

|1
n

n∑
i=1

⟨uj,aia⊤i vk⟩h ′
α (εi) |

∣∣> tnα

)

⩽
∑

1⩽j,k⩽J

P

(
|1
n

n∑
i=1

⟨uj,aia⊤i vk⟩h ′
α (εi) |> tnα

)

⩽2J2 exp
{
− nt2n

2

}
,

where the last inequality is due to (A.2) and ∥uj∥= ∥vk∥= 1. Therefore, we have

2J2 exp
{
− nt2n

2

}
= 2exp

{
− nt2n

2
+ 2p log(1+ 2n)

}
= 2exp{− log(1+ 2n)}→ 0,

which together with (A.1) leads to the desired result. □

Appendix B. Proof of lemma 5.1

Recall that the level set S= {x ∈Hp : F(x)⩽ F(x0)} satisfies S⊆ Br with r= 4
3 (1+

2α
n

∑n
i=1 ∥ai∥2)

supx∈S ∥x∥ for any given bounded initial vector x0 as shown in the proof of theorem 4.4. According

to the definitions of j and L, it derives that γαj = γ ⩽ (L+ δ)−1 as γ(L+ δ)⩽ 1, and γβ j ⩽
γβ−[logα γ(L+δ)] ⩽ γβ− logβ γ(L+δ) = (L+ δ)−1 as γ(L+ δ)> 1. Take τ0 = βγ j which results in that τ0 ∈
(0,1] and 1

τ0
⩾ L+ δ. Note that

∥g
(
x0
)
∥= ∥1

n

n∑
i=1

h ′
α

(
|⟨ai,x0⟩|2 − bi

)
⟨ai,x0⟩āi∥⩽

α

n

n∑
i=1

∥ai∥2∥x0∥,

which implies that

∥x0 − 2τg
(
x0
)
∥⩽ ∥x0∥+ 2∥g

(
x0
)
∥⩽

(
1+

2α

n

n∑
i=1

∥ai∥2
)
∥x0∥

for any τ ∈ (0,1]. Combing this and the expression of the half-thresholding operator H, we have

∥Hλτ (x
0 − 2τg(x0)∥⩽ 4

3
∥x0 − 2τg(x0)∥⩽ 4

3
(1+

2α

n

n∑
i=1

∥ai∥2)∥x0∥,

which yields x0(τ) :=Hλτ (x0 − 2τg(x0) ∈ Br for any τ ∈ (0,1]. The definition of the half-thresholding
operator H also implies that

x0 (τ) = argmin
x∈Hp

Fτ
(
x,x0

)
.

Similar to the proof of theorem 4.4, we obtain that

F
(
x0 (τ)

)
⩽ Fτ

(
x0 (τ) ,x0

)
− 1

2
∥x0 (τ)− x0∥2

(
1

τ
− L

)
.

Combining this, x0(τ) = argminx∈Hp Fτ (x,x0) and
1
τ0

⩾ L+ δ, we have

F
(
x0
)
− F
(
x0 (τ)

)
⩾F
(
x0
)
− Fτ

(
x0 (τ) ,x0

)
+
δ

2
∥x0 (τ)− x0∥2

=Fτ
(
x0,x0

)
− Fτ

(
x0 (τ) ,x0

)
+
δ

2
∥x0 (τ)− x0∥2

⩾δ
2
∥x0 (τ)− x0∥2.
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Thus, one can find the smallest integer jk ⩾ j satisfying the descent condition in (5.1) for k= 0. This des-

cent condition implies that F(x1)⩽ F(x0) and x1 ∈ S. Repeating the above step can show such a des-
cent condition for any k⩾ 1. From the above analysis, one also get jk ∈ [j,0]. Hence, the desired result is
obtained. □

ORCID iD

Xianchao Xiu  0000-0002-3374-7413

References

[1] Klibanov M V, Sacks P E and Tikhonravov A V 1995 The phase retrieval problem Inverse Probl. 11 1
[2] Millane R P 1990 Phase retrieval in crystallography and optics J. Opt Soc. Am. A 7 394–411
[3] Harrison R W 1993 Phase problem in crystallography J. Opt. Soc. Am. A 10 1046–55
[4] Walther A 1963 The question of phase retrieval in optics Opt. Acta: Int. J. Opt. 10 41–49
[5] Fienup C and Dainty J 1987 Phase retrieval and image reconstruction for astronomy Image Recovery: Theory and Applications

vol 231 p 275 (available at: https://books.google.com/books?hl=zh-CN&lr=&id=xs7d049z-6sC&oi=fnd&pg=PA231&
ots=kcDjc8gEqV&sig=LvYrZreAAtDYyZS0piNi8C-5LHA#v=onepage&q&f=false)

[6] Bunk O, Diaz A, Pfeiffer F, David C, Schmitt B, Satapathy D K and Veen J F V D 2007 Diffractive imaging for periodic samples:
retrieving one-dimensional concentration profiles across microfluidic channels Found. Crystallogr. 63 306–14

[7] Miao J, Ishikawa T, Shen Q and Earnest T 2008 Extending x-ray crystallography to allow the imaging of noncrystalline materials,
cells and single protein complexes Annu. Rev. Phys. Chem. 59 387–410

[8] Shechtman Y, Eldar Y C, Cohen O, Chapman H N, Miao J and Segev M 2015 Phase retrieval with application to optical imaging: a
contemporary overview IEEE Signal Process. Mag. 32 87–109

[9] Hohage T and Novikov R 2019 Inverse wave propagation problems without phase information Inverse Probl. 35 070301
[10] Dong J, Valzania L, Maillard A, Pham T, Gigan S and Unser M 2023 Phase retrieval: from computational imaging to machine

learning: a tutorial IEEE Signal Process. Mag. 40 45–57
[11] Barnett A H, Epstein C L, Greengard L F and Magland J F 2020 Geometry of the phase retrieval problem Inverse Probl. 36 094003
[12] Grohs P, Koppensteiner S and Rathmair M 2020 Phase retrieval: uniqueness and stability SIAM Rev. 62 301–50
[13] Fannjiang A 2023 3D tomographic phase retrieval and unwrapping Inverse Probl. 40 015015
[14] Cheng Y, Ren K, Soedjak N 2024 Phase retrieval via media diversity Inverse Probl. 41 075009
[15] Hohage T, Novikov R G and Sivkin V N 2024 Phase retrieval and phaseless inverse scattering with background information Inverse

Probl. 40 105007
[16] Diederichs B, Filbir F and Römer P 2024 Wirtinger gradient descent methods for low-dose poisson phase retrieval Inverse Probl.

40 125030
[17] Tu H et al 2025 Deep empirical neural network for optical phase retrieval over a scattering medium Nat. Commun. 16 1369
[18] Donoho D L 2006 Compressed sensing IEEE Trans. Inf. Theory 52 1289–306
[19] Shechtman Y, Beck A and Eldar Y C 2014 GESPAR: efficient phase retrieval of sparse signals IEEE Trans. Signal Process. 62 928–38
[20] Yang Z, Yang L F, Fang E X, Zhao T, Wang Z and Neykov M 2019 Misspecified nonconvex statistical optimization for sparse phase

retrievalMath. Program. 176 545–71
[21] Cai J-F, Li J and You J 2023 Provable sample-efficient sparse phase retrieval initialized by truncated power method Inverse Probl.

39 075008
[22] Jaganathan K, Oymak S and Hassibi B 2013 Sparse phase retrieval: convex algorithms and limitations 2013 IEEE Int. Symp. on

Information Theory (IEEE) pp 1022–6
[23] Pauwels E J R, Beck A, Eldar Y C and Sabach S 2017 On fienup methods for sparse phase retrieval IEEE Trans. Signal Process.

66 982–91
[24] Bolte J, Sabach S, Teboulle M and Vaisbourd Y 2018 First order methods beyond convexity and lipschitz gradient continuity with

applications to quadratic inverse problems SIAM J. Optim. 28 2131–51
[25] Chang H, Marchesini S, Lou Y and Zeng T 2018 Variational phase retrieval with globally convergent preconditioned proximal

algorithm SIAM J. Imaging Sci. 11 56–93
[26] Kanzow C and Mehlitz P 2022 Convergence properties of monotone and nonmonotone proximal gradient methods revisited J.

Optim. Theory Appl. 195 624–46
[27] Jia X, Kanzow C and Mehlitz P 2023 Convergence analysis of the proximal gradient method in the presence of the Kurdyka–

Lojasiewicz property without global lipschitz assumptions SIAM J. Optim. 33 3038–56
[28] Takahashi S and Takeda A 2025 Approximate bregman proximal gradient algorithm for relatively smooth nonconvex optimization

Comput. Optim. Appl. 90 227–56
[29] Duan Y, Wu C, Pang Z-F, Chang H 2016 ℓ0-regularized variational methods for sparse phase retrieval (arXiv:1612.02538)
[30] Zhang H, Chi Y and Liang Y 2018 Median-truncated nonconvex approach for phase retrieval with outliers IEEE Trans. Inf. Theory

64 7287–310
[31] Zhang Q, Liu D, Hu F, Li A and Cheng H 2021 Median momentum reweighted amplitude flow for phase retrieval with arbitrary

corruption J. Mod. Opt. 68 374–81
[32] Jiang X, So H C and Liu X 2020 Robust phase retrieval with outliers ICASSP 2020-2020 IEEE Int. Conf. on Acoustics, Speech and

Signal Processing (ICASSP) (IEEE) pp 5320–4
[33] Kong L, Yan A, Li Y and Fan J 2022 ℓ1/2-regularized least absolute deviation method for sparse phase retrieval Pac. J. Optim.

18 213–32
[34] Candes E J, Li X and Soltanolkotabi M 2015 Phase retrieval via wirtinger flow: theory and algorithms IEEE Trans. Inf. Theory

61 1985–2007

33

https://orcid.org/0000-0002-3374-7413
https://orcid.org/0000-0002-3374-7413
https://doi.org/10.1088/0266-5611/11/1/001
https://doi.org/10.1088/0266-5611/11/1/001
https://doi.org/10.1364/JOSAA.7.000394
https://doi.org/10.1364/JOSAA.7.000394
https://doi.org/10.1364/JOSAA.10.001046
https://doi.org/10.1364/JOSAA.10.001046
https://doi.org/10.1080/713817747
https://doi.org/10.1080/713817747
https://books.google.com/books?hl=zh-CN&lr=&id=xs7d049z-6sC&oi=fnd&pg=PA231&ots=kcDjc8gEqV&sig=LvYrZreAAtDYyZS0piNi8C-5LHA#v=onepage&q&f=false
https://books.google.com/books?hl=zh-CN&lr=&id=xs7d049z-6sC&oi=fnd&pg=PA231&ots=kcDjc8gEqV&sig=LvYrZreAAtDYyZS0piNi8C-5LHA#v=onepage&q&f=false
https://doi.org/10.1107/S0108767307021903
https://doi.org/10.1107/S0108767307021903
https://doi.org/10.1146/annurev.physchem.59.032607.093642
https://doi.org/10.1146/annurev.physchem.59.032607.093642
https://doi.org/10.1109/MSP.2014.2352673
https://doi.org/10.1109/MSP.2014.2352673
https://doi.org/10.1088/1361-6420/ab1aaf
https://doi.org/10.1088/1361-6420/ab1aaf
https://doi.org/10.1109/MSP.2022.3219240
https://doi.org/10.1109/MSP.2022.3219240
https://doi.org/10.1088/1361-6420/aba5ed
https://doi.org/10.1088/1361-6420/aba5ed
https://doi.org/10.1137/19M1256865
https://doi.org/10.1137/19M1256865
https://doi.org/10.1088/1361-6420/ad11a9
https://doi.org/10.1088/1361-6420/ad11a9
https://doi.org/10.1088/1361-6420/ade6a4
https://doi.org/10.1088/1361-6420/ade6a4
https://doi.org/10.1088/1361-6420/ad6fc6
https://doi.org/10.1088/1361-6420/ad6fc6
https://doi.org/10.1088/1361-6420/ad97d7
https://doi.org/10.1088/1361-6420/ad97d7
https://doi.org/10.1038/s41467-025-56522-5
https://doi.org/10.1038/s41467-025-56522-5
https://doi.org/10.1109/TIT.2006.871582
https://doi.org/10.1109/TIT.2006.871582
https://doi.org/10.1109/TSP.2013.2297687
https://doi.org/10.1109/TSP.2013.2297687
https://doi.org/10.1007/s10107-019-01364-5
https://doi.org/10.1007/s10107-019-01364-5
https://doi.org/10.1088/1361-6420/acd8b8
https://doi.org/10.1088/1361-6420/acd8b8
https://doi.org/10.1109/TSP.2017.2780044
https://doi.org/10.1109/TSP.2017.2780044
https://doi.org/10.1137/17M1138558
https://doi.org/10.1137/17M1138558
https://doi.org/10.1137/17M1120439
https://doi.org/10.1137/17M1120439
https://doi.org/10.1007/s10957-022-02101-3
https://doi.org/10.1007/s10957-022-02101-3
https://doi.org/10.1137/23M1548293
https://doi.org/10.1137/23M1548293
https://doi.org/10.1007/s10589-024-00618-z
https://doi.org/10.1007/s10589-024-00618-z
https://arxiv.org/abs/1612.02538
https://doi.org/10.1109/TIT.2018.2847695
https://doi.org/10.1109/TIT.2018.2847695
https://doi.org/10.1080/09500340.2021.1897171
https://doi.org/10.1080/09500340.2021.1897171
https://doi.org/10.12732/pjo.v18i2.3
https://doi.org/10.12732/pjo.v18i2.3
https://doi.org/10.1109/TIT.2015.2399924
https://doi.org/10.1109/TIT.2015.2399924


Inverse Problems 42 (2026) 045014 J Fan et al

[35] Weller D S, Pnueli A, Divon G, Radzyner O, Eldar Y C and Fessler J A 2015 Undersampled phase retrieval with outliers IEEE Trans.
Computat. Imaging 1 247–58

[36] Xu Z, Chang X, Xu F and Zhang H 2012 l1/2-regularization: a thresholding representation theory and a fast solver IEEE Trans.
Neural Netw. Learn. Syst. 23 1013–27

[37] Li Z, Nie F, Bian J, Wu D and Li X 2023 Sparse PCA via ℓ2,p-norm regularization for unsupervised feature selection IEEE Trans.
Pattern Anal. Mach. Intell. 45 5322–8

[38] Chao M, Lu Y, Jian J and Xu X 2025 An efficient regularized pr splitting type algorithm for two-block nonconvex linear con-
strained programs in ℓ1/2 regularized compressed sensing problems J. Comput. Appl. Math. 453 116145

[39] Fan J, Li Q and Wang Y 2017 Estimation of high dimensional mean regression in the absence of symmetry and light tail assump-
tions J. R. Stat. Soc. B 79 247–65

[40] Xie J, Liu S, Chen J and Jia J 2023 Huber loss based distributed robust learning algorithm for random vector functional-link net-
work Artif. Intell. Rev. 56 8197–218

[41] Tyralis H, Papacharalampous G, Dogulu N and Chun K P 2025 Deep huber quantile regression networks Neural Netw. 187 107364
[42] Huber P J and Ronchetti E M 2011 Robust Statistics (Wiley)
[43] Sun J, Qu Q and Wright J 2018 A geometric analysis of phase retrieval Found. Comput. Math. 18 1131–98
[44] Mordukhovich B S 2018 Variational Analysis and Applications vol 30 (Springer)
[45] Attouch H, Bolte J, Redont P and Soubeyran A 2010 Proximal alternating minimization and projection methods for nonconvex

problems: An approach based on the Kurdyka-Lojasiewicz inequalityMath. Oper. Res. 35 438–57
[46] Eldar Y C and Mendelson S 2014 Phase retrieval: stability and recovery guarantees Appl. Comput. Harmon. Anal. 36 473–94
[47] Duchi J C and Ruan F 2019 Solving (most) of a set of quadratic equalities: Composite optimization for robust phase retrieval Inf.

Inference: A J. IMA 8 471–529
[48] Candes E J, Strohmer T and Voroninski V 2013 Phaselift: exact and stable signal recovery from magnitude measurements via con-

vex programming Commun. Pure Appl. Math. 66 1241–74
[49] Lei L, Bickel P J and Karoui N E 2018 Asymptotics for high dimensional regression m-estimates: fixed design results Probab.

Theory Relat. Fields 172 983–1079
[50] Chi Y, Lu Y M and Chen Y 2019 Nonconvex optimization meets low-rank matrix factorization: an overview IEEE Trans. Signal

Process. 67 5239–69
[51] Huang J, Horowitz J L, Ma S 2008 Asymptotic properties of bridge estimators in sparse high-dimensional regression models
[52] Fan J, Kong L, Wang L and Xiu N 2018 Variable selection in sparse regression with quadratic measurements Stat. Sin. 28 1157–78
[53] Zeng J, Fang J and Xu Z 2012 Sparse SAR imaging based on ℓ1/2 regularization Sci. China Inf. Sci. 55 1755–75
[54] Wu Y, Pan S and Yang X 2023 A regularized newton method for norm composite optimization problems SIAM J. Optim.

33 1676–706
[55] Attouch H and Bolte J 2009 On the convergence of the proximal algorithm for nonsmooth functions involving analytic features

Math. Program. 116 5–16
[56] Hiriart-Urruty J 1980 Mean value theorems in nonsmooth analysis Numer. Funct. Anal. Optim. 2 1–30
[57] Cai J-F, Jiao Y, Lu X and You J 2022 Sample-efficient sparse phase retrieval via stochastic alternating minimization IEEE Trans.

Signal Process. 70 4951–66
[58] Wainwright M J 2019 High-Dimensional Statistics: A non-Asymptotic Viewpoint vol 48 (Cambridge University Press)
[59] Fan J, Sun J, Yan A and Zhou S 2025 An oracle gradient regularized Newton method for quadratic measurements regression Appl.

Comput. Harmon. Anal. 78 101775

34

https://doi.org/10.1109/TCI.2015.2498402
https://doi.org/10.1109/TCI.2015.2498402
https://doi.org/10.1109/TNNLS.2012.2197412
https://doi.org/10.1109/TNNLS.2012.2197412
https://doi.org/10.1109/TPAMI.2022.3152047
https://doi.org/10.1109/TPAMI.2022.3152047
https://doi.org/10.1016/j.cam.2024.116145
https://doi.org/10.1016/j.cam.2024.116145
https://doi.org/10.1111/rssb.12166
https://doi.org/10.1111/rssb.12166
https://doi.org/10.1007/s10462-022-10362-7
https://doi.org/10.1007/s10462-022-10362-7
https://doi.org/10.1016/j.neunet.2025.107364
https://doi.org/10.1016/j.neunet.2025.107364
https://doi.org/10.1007/s10208-017-9365-9
https://doi.org/10.1007/s10208-017-9365-9
https://doi.org/10.1287/moor.1100.0449
https://doi.org/10.1287/moor.1100.0449
https://doi.org/10.1016/j.acha.2013.08.003
https://doi.org/10.1016/j.acha.2013.08.003
https://doi.org/10.1093/imaiai/iay015
https://doi.org/10.1093/imaiai/iay015
https://doi.org/10.1002/cpa.21432
https://doi.org/10.1002/cpa.21432
https://doi.org/10.1007/s00440-017-0824-7
https://doi.org/10.1007/s00440-017-0824-7
https://doi.org/10.1109/TSP.2019.2937282
https://doi.org/10.1109/TSP.2019.2937282
https://doi.org/10.5705/ss.202016.0315
https://doi.org/10.5705/ss.202016.0315
https://doi.org/10.1007/s11432-011-4473-3
https://doi.org/10.1007/s11432-011-4473-3
https://doi.org/10.1137/22M1482822
https://doi.org/10.1137/22M1482822
https://doi.org/10.1007/s10107-007-0133-5
https://doi.org/10.1007/s10107-007-0133-5
https://doi.org/10.1080/01630568008816096
https://doi.org/10.1080/01630568008816096
https://doi.org/10.1109/TSP.2022.3214091
https://doi.org/10.1109/TSP.2022.3214091
https://doi.org/10.1016/j.acha.2025.101775
https://doi.org/10.1016/j.acha.2025.101775

	Robust sparse phase retrieval: statistical guarantee, optimality theory and convergent algorithm
	1. Introduction
	1.1. Literature survey
	1.2. Our contributions
	1.3. Outline

	2. Preliminaries
	2.1. Notations
	2.2. Wirtinger derivative
	2.3. Subdifferential
	2.4. KL property

	3. Statistical guarantee
	4. Optimality theory
	5. Convergent algorithm
	5.1. MM
	5.2. Convergence analysis
	5.3. Convergence rate

	6. Numerical experiments
	6.1. Setup
	6.2. Signal examples
	6.3. Image examples

	7. Conclusions
	Appendix A. Proof of lemma 3.1
	Appendix B. Proof of lemma 5.1
	References


