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Abstract—To deal with high-dimensional unlabeled datasets in
many areas, principal component analysis (PCA) has become
a rising technique for unsupervised feature selection (UFS).
However, most existing PCA-based methods only consider the
structure of datasets by embedding a single sparse regularization
or constraint on the transformation matrix. In this paper, we
introduce a novel bi-sparse method called BSUFS to improve the
performance of UFS. The core idea of BSUFS is to incorporate
`2,p-norm and `q-norm into the classical PCA, which enables our
method to select relevant features and filter out irrelevant noises,
thereby obtaining discriminative features. Here, the parameters
p and q are within the range of [0, 1). Therefore, BSUFS not
only constructs a unified framework for bi-sparse optimization,
but also includes some existing works as special cases. To
solve the resulting non-convex model, we propose an efficient
proximal alternating minimization (PAM) algorithm using Stiefel
manifold optimization and sparse optimization techniques. In
addition, the computational complexity analysis is presented.
Extensive numerical experiments on synthetic and real-world
datasets demonstrate the effectiveness of our proposed BSUFS.
The results reveal the advantages of bi-sparse optimization
in feature selection and show its potential for other fields in
image processing. Our code is available at https://github.com/
xianchaoxiu/BSUFS.

Index Terms—Unsupervised feature selection, bi-sparse, prin-
cipal component analysis, proximal alternating minimization,
manifold optimization.

I. INTRODUCTION

H IGH-DIMENSIONAL features make data processing
challenging due to the presence of redundant information

and additional noises [1]. To address this challenge, feature
selection techniques are proposed and widely studied. One can
read the review paper [2] for more comprehensive backgrounds
and advances. Among feature selection techniques, there is
a special type called unsupervised feature selection (UFS),
which is designed to select features for unlabeled datasets,
i.e., label information is missing. Note that unlabeled datasets
are cheap and easy to obtain in practice. Therefore, a large
number of researchers have devoted themselves to developing
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UFS methods, which have shown outstanding performances
in image processing [3], [4], [5], gene analysis [6], [7], [8],
machine learning [9], [10], [11], and deep learning [12], [13],
[14].

According to [2] and [3], existing UFS methods can be gen-
erally divided into three categories based on different search
strategies, including filtering methods, wrapper methods, and
embedded methods. It is worth pointing out that the embedded
methods combine the advantages of filtering methods and
wrapper methods by directly integrating feature selection into
the learning procedure [15]. Under some graph techniques,
there are many representative UFS methods that are pro-
posed to optimize the similarity matrix, such as Laplacian
score (LapScore) [16], multi-cluster feature selection (MCFS)
[17], unsupervised discriminative feature selection (UDFS)
[18], structured optimal graph feature selection (SOGFS)
[19], robust neighborhood embedding (RNE) [20], and non-
convex regularized graph embedding and self-representation
(NLGMS) [21], to name a few. As one of the most straightfor-
ward and accessible embedded methods, principal component
analysis (PCA) stands out from UFS methods [22]. By
introducing a linear transformation matrix (also projection
matrix), PCA tends to characterize this matrix and is different
from graph-based embedded methods. Despite its excellent
performance, one of the main drawbacks is the lack of feature
interpretability [23]. To overcome this limitation, Li et al. [24]
combined PCA with the `2,p-norm regularization term on the
transformation matrix. This novel PCA variant, referred to
as SPCAFS, aims to achieve feature sparsity and still retain
the principal information simultaneously. Here, p ∈ (0, 1) and
thus SPCAFS is a non-convex version of sparse PCA with
`2,1-norm [25]. In addition, Nie et al. [26] considered feature-
sparsity constrained PCA (FSPCA), which is accomplished
by enforcing the `2,0-norm constraint. Note that `2,0-norm is a
direct choice to characterize the feature sparsity [27]. FSPCA
enables selecting a subset of features that are most represen-
tative and intrinsic. Recently, Zheng et al. [28] proposed a
sparse PCA method based on positive semidefinite projection
(SPCA-PSD), which achieves excellent efficiency in cluster-
ing. Gao et al. [29] extended the `2,p-norm to fuzzy elastic net
for better characterizing the structure of the transformation
matrix, which is called FEN-PCAFS. The above `2,1-norm,
`2,p-norm, and `2,0-norm can be used to capture row sparsity,
which is closely related to the selected features. These sparse
regularization terms attribute interpretability and robustness to
PCA models, which is beneficial for understanding the data
structure [30].

However, most works introduced a single row-wise sparse
regularization term (e.g., `2,1-norm) to the transformation
matrix in PCA, the element-wise sparsity of this matrix is
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Fig. 1. Visualization of feature selection results by (a) SPCAFS [24] and (b) our proposed BSUFS. Feature selection is performed by first computing the
tranformation matrix W, where the dimensions of W correspond to the original data features. Then, by calculating the row-wise norms of W, these values are
sorted and the top-ranked values are thus selected. Finally, the features associated with these top-ranked values are chosen as the selected features.

not considered. Therefore, a bi-sparse optimization model with
`2,1-norm and `1-norm regularization terms was proposed in
[31], where `2,1-norm is used to select features and `1-norm
is enforced to filter out noise. In fact, the combination of `2,1-
norm and `1-norm has been considered in multi-task feature
selection and has shown excellent performances [32], [33].
Although the idea of bi-sparse or double sparse has been
applied in image denoising [34], compressed sensing [35],
gene expression [36], and radar imaging [37], the involved
double sparsity terms are constrained to different variables.
Note that `2,p-norm with p ∈ [0, 1) is a general form of `2,p-
norm in [24] and `2,0-norm [26]. A natural question is whether
we can propose a bi-sparse non-convex PCA-based feature
selection framework by inheriting the advantages of `2,p-norm
with p ∈ [0, 1) and `q-norm with q ∈ [0, 1), and verify the
effectiveness of `q-norm for feature selection.

Motivated by the above observations, we propose a unified
bi-sparse UFS method called BSUFS, which is a PCA model
with `2,p-norm and `q-norm regularization terms, where p
and q are within the range of [0, 1). As can be seen from
Fig. 1, compared with the benchmark SPCAFS which only
contains a single `2,p-norm regularization term with p ∈ (0, 1)
on the transformation matrix, adding an additional `q-norm
regularization makes the feature selection results of BSUFS
different. Actually, our proposed BSUFS takes SPCAFS and
FSPCA as special cases and has higher flexibility than the
convex relaxation form in [31]. Of course, the choice of p
and q may be affected by the specific data structure, which
will be discussed in Subsection IV-F, and it is confirmed that
combining the values of 0 and (0, 1) into [0, 1) is of great
significance. In addition, the idea of bi-sparse optimization is
not limited to feature selection, but can be easily extended to
other fields of image processing.

The main contributions of this paper can be summarized in
the following three aspects:
• We develop a novel BSUFS method that can improve

the performance of feature selection by regularizing `2,p-
norm and `q-norm. The values of p and q are set in the
range of [0, 1), which has not been considered before.

• We design an efficient proximal alternating minimization
(PAM) algorithm and all subproblems admit closed-form
proximal operators or can be solved by Stiefel manifold
optimization. In addition, we provide its computational
complexity for every iteration.

• We conduct sufficient numerical experiments to evaluate
the performance of BSUFS. In particular, we analyze

the parameter effects of p, q ∈ [0, 1) and show that,
in feature selection, p plays a dominant role, while
q serves a complementary role, both of which are
indispensable.

The structure of this paper is outlined as follows. Section II
introduces the notations and related works. Section III presents
the proposed model, optimization algorithm, and computa-
tional complexity. Section IV provides the numerical results,
ablation experiments, statistical tests, effects of p and q, and
discussions. Section V concludes this paper.

II. PRELIMINARIES

This section first introduces the notations used throughout
this paper and then gives some related preliminaries.

A. Notations
In this paper, matrices are represented by capital letters,

vectors by boldface letters, and scalars by lowercase letters.
Let Rd and Rm×n be the sets of all d-dimensional vectors
and m× n-dimensional matrices, respectively. For any vector
x ∈ Rd, its i-th element is denoted as xi. The `2-norm of

x is ‖x‖ =
�Pd

i=1 x2
i

�1/2
. For any matrix X ∈ Rm×n, xi j

represents its i j-th element, xi and xi represent its i-th row
and i-th column, respectively. The Frobenius norm of X is

‖X‖F =
�Pm

i=1
Pn

j=1 x2
i j

�1/2
. For p, q ∈ (0, 1), the `2,p-norm of

X is defined as ‖X‖2,p =
�Pm

i=1 ‖xi‖p
�1/p and the `q-norm is

‖X‖q =
�Pm

i=1
Pn

j=1 |xi j|
q
�1/q

. When p, q = 1, they are exactly
`2,1-norm and `1-norm. In addition, ‖X‖2,0 and ‖X‖0 count
the numbers of non-zero rows and non-zero elements of X,
respectively. A further notation will be introduced wherever it
appears.

B. PCA Basis
Consider a data matrix X = (x1, x2, . . . , xn) ∈ Rd×n with

xi ∈ R
d. Denote W as a transformation matrix and W =

(w1,w2, . . . ,wm) ∈ Rd×m, where wi ∈ R
d, ‖wi‖ = 1, and

w>i w j = 0 for i , j. Here, it is supposed that m < n.
Mathematically, PCA can be represented in a trace formu-

lation with an orthogonal constraint as

min
W∈Rd×m

− Tr
�
W>XX>W

�
s.t. W>W = Im, (1)
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where the data is assumed to be centralized. For the general
case that the data is not centralized, PCA can be written
as

min
W∈Rd×m

− Tr
�
W>S W

�
s.t. W>W = Im, (2)

where S = XHX> and H = In −
1
n 11> with 1 ∈ Rn being a

vector whose elements are all ones.
Without loss of generality, denote wi> as the transpose of

wi, where wi is the i-th row of W. In feature selection, it can be
found that wi> represents the transformation vector associated
with the i-th feature in X. In details, the matrix W is denoted
as

W = (w1,w2, . . . ,wm) =

0BBB@
w1

w2

...
wd

1CCCA ∈ Rd×m. (3)

By transforming the vector

xi =

0BBB@
x1,i
x2,i
...

xd,i

1CCCA ∈ Rd (4)

via the transformation matrix W, we get the transformation
vector zi as

zi = W>xi = (w1>, w2>, . . . ,wd>)

0BBB@
x1,i
x2,i
...

xd,i

1CCCA . (5)

Accordingly, ‖wi‖ can be used to measure the importance of
the i-th feature [38].

C. Sparse PCA
In recent years, non-convex optimization has been rapidly

developed, which can provide more possibilities than convex
optimization [39], [40], [41]. With this advantage, Li et al.
[24] proposed a sparse PCA model called SPCAFS, which is
given as the form of

min
W∈Rd×m

− Tr(W>S W) + λ‖W‖p2,p

s.t. W>W = Im, (6)

where λ ≥ 0 is the regularization parameter and p ∈ (0, 1).
By introducing `2,p-norm into the objective function of (2),
SPCAFS can obtain a row-wise sparse transformation matrix
W, thereby improving the performance of feature selection. It
is also numerically demonstrated that its performance is better
than the convex relaxation when p = 1/2.

FSPCA is another popular UFS method, whose mathemat-
ical model is given by

min
W∈Rd×m

− Tr(W>S W)

s.t. ‖W‖2,0 ≤ s, W>W = Im, (7)

where s > 0 is the sparsity level. Recall Fig. 1 and (5), it is
seen that s corresponds to the number of selected features.

III. THE PROPOSED METHOD

This section first presents our proposed bi-sparse and non-
convex UFS model, and then shows an optimization algorithm.

A. Model Construction

As is demonstrated in [31] that, different from these single
structured sparse PCA methods, bi-sparse regularized models
can better select representative features due to the introduction
of `2,1-norm and `1-norm on the transformation matrix. There-
fore, to inherit the advantages of non-convex optimization and
bi-sparse optimization, we propose a sparse PCA variant called
BSUFS, which is reformulated as

min
W∈Rd×m

− Tr(W>S W) + λ1‖W‖
p
2,p + λ2‖W‖qq

s.t. W>W = Im, (8)

where p, q ∈ [0, 1) and λ1, λ2 ≥ 0 are the parameters to control
the bi-sparse regularization terms.

Compared with the existing PCA-based UFS methods, the
following conclusions can be made:
• When λ2 = 0 in (8), our proposed BSUFS unifies

SPCAFS [24] and the Lagrangian form of FSPCA [26].
• When p and q tend to 1 in (8), our proposed BSUFS

equals to the model in [31].
In summary, BSUFS can provide flexible sparse solutions

by choosing different p and q in the range of [0, 1), thus
facilitating feature selection.

B. Optimization Algorithm

Besides the Stiefel manifold constraint W>W = Im, the
introduced `2,p-norm and `q-norm in (8) makes our pro-
posed BSUFS more difficult. Below, we provide an efficient
optimization algorithm based on the proximal alternating min-
imization (PAM) technique.

By utilizing auxiliary variables W = V , W = U, (8) can be
rewritten as

min
W,U,V∈Rd×m

− Tr(W>S W) + λ1‖V‖
p
2,p + λ2‖U‖qq

s.t. W>W = Im, W = V , W = U. (9)

Algorithm 1 Proximal Alternating Minimization (PAM) Algo-
rithm for BSUFS
Input: Data X ∈ Rd×n, parameters p, q, λ1, λ2, β1, β2, τ1, τ2,

τ3, calculate H = In −
1
n 11>, S = XHX>

Output: V
Initialize: k = 0, Wk, Uk, Vk

While not converged do
1: Update Wk+1 by (12)
2: Update Uk+1 by (13)
3: Update Vk+1 by (14)
4: Check convergence: If

| f k+1 − f k |

max{| f k |, 1}
< 10−4 or k > 500

then stop. Otherwise, k = k + 1
End While
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Then, introduce the indicator function

Φ(W) =

(
0, W>W = Im,

+∞, otherwise,
(10)

and rewrite (9) as its penalized form

min
W,U,V∈Rd×m

− Tr(W>S W) + λ1‖V‖
p
2,p + λ2‖U‖qq

+
β1

2
‖W − U‖2F +

β2

2
‖W − V‖2F + Φ(W), (11)

where β1, β2 > 0 are the penalty parameters. Denote the
objective function of (11) as f (W,U,V). Under the PAM
framework, each variable can be updated alternately via the
following scheme

Wk+1 ∈ arg min
W∈Rd×m

f (W,Uk,Vk) +
τ1

2
‖W −Wk‖2F, (12)

Uk+1 ∈ arg min
U∈Rd×m

f (Wk+1,U,Vk) +
τ2

2
‖U − Uk‖2F, (13)

Vk+1 ∈ arg min
V∈Rd×m

f (Wk+1,Uk+1,V) +
τ3

2
‖V − Vk‖2F, (14)

where τ1, τ2, τ3 > 0 and k is the iteration number. The overall
scheme is presented in Algorithm 1, and the update rules for
W, U, and V are analyzed as follows.

1) Update W by Fixing U and V: (12) can be expressed as

min
W>W=Im

g(W) = −Tr(W>S W) +
β1

2
‖W − Uk‖2F

+
β2

2
‖W − Vk‖2F +

τ1

2
‖W −Wk‖2F. (15)

The Euclidean gradient of g(W) is

∇g(W) = −2S W + β1(W − Uk)

+ β2(W − Vk) + τ1(W −Wk), (16)

and the Euclidean Hessian is

∇2g(W) = −2Im ⊗ S + (β1 + β2 + τ1)Idm, (17)

where ⊗ represents the Kronecker product.
Denote

St(d,m) = {W ∈ Rd×m | W>W = Im}. (18)

Then, (15) is a Stiefel manifold optimization problem and can
be reformulated as

min
W∈St(d,m)

g(W), (19)

where the trust-region Riemannian manifold optimization
algorithm [42] can be applied to solve this problem.

To implement this algorithm, there are two basic elements,
i.e., the search direction and the trust-region ratio. The search
direction relies on the Riemannian gradient and Riemannian
Hessian of the objective function g(W) in (19). Specifically,
the Riemannian gradient can be obtained by projecting its
Euclidean gradient onto the tangent space of the Stiefel
manifold, i.e.,

gradg(W) = PW (∇g(W))
= ∇g(W)−Wsym(W>∇g(W)), (20)

Algorithm 2 Trust-Region Riemannian Manifold Optimiza-
tion Algorithm for Solving (12)
Input: Data S ∈ Rd×d, Uk ∈ Rd×m, Vk ∈ Rd×m, parameters

β1, β2, τ1, ε, ∆′ > 0, ρ′ ∈
�
0, 1

4

�
Output: Wk

Initialize: i = 0, Wk
i ∈ St(d,m), ∆i ∈ (0,∆′)While not

converged do
1: Obtain Mi by solving (22) with W = Wk

i and ∆ = ∆i

2: Compute ρi from (23) with W = Wk
i

3: if ρi <
1
4 then

4: ∆i+1 = 1
4 ∆i

5: else if ρi >
3
4 and ‖Mi‖ = ∆i then

6: ∆i+1 = min(2∆i,∆
′)

7: else
8: ∆i+1 = ∆i

9: end if
10: if ρi > ρ

′ then
11: Wk

i+1 = RW (Mi)
12: else
13: Wk

i+1 = Wk
i

14: end if
15: Check convergence: If

gradg(Wk
i+1) < 10−6 or i > 100

then stop. Otherwise, i = i + 1
End While

where PW (∇g(W)) is the projection of the Euclidean gradient
onto the tangent space of the Stiefel manifold, and sym(X) =

(X + X>)/2 extracts the symmetric part of a square matrix
X. The Riemannian Hessian can be obtained by projecting
its Euclidean Hessian onto the tangent space of the Stiefel
manifold, i.e.,

Hessg(W)[M] = PW (∇2g(W)[M]
− Msym(W>∇g(W))
−Wsym(M>∇g(W))

−Wsym(W>∇2g(W)[M])), (21)

where ∇2g(W)[M] is the Euclidean Hessian-vector product.
Then, the search direction of the trust region algorithm is
derived by solving the following problem

min
M∈TWSt(d,m)

mW (M) = g(W) +
˝
gradg(W),M

˛
W

+
1
2
〈Hessg(W)[M],M〉W

s.t. 〈M,M〉W ≤ ∆2, (22)

where ∆ is the trust-region radius, and TWSt(d,m) is the
tangent space of the manifold at W.

Finally, the trust region ratio is determined by

ρ =
g(W) − g(RW (M))
mW (0) − mW (M)

, (23)

where RW (M) is the retraction of M onto the Stiefel manifold.
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2) Update U by Fixing W and V: After updating W, (13)
can be solved by

min
U∈Rd×m

λ2‖U‖qq +
β1

2
‖Wk+1 − U‖2F +

τ2

2
‖U − Uk‖2F. (24)

By expanding the norm terms in (24), this subproblem can be
rewritten as the form of

min
U∈Rd×m

λ2‖U‖qq +
β1 + τ2

2
‖U−Y‖2F, (25)

where
Y =

β1

β1 + τ2
Wk+1 +

τ2

β1 + τ2
Uk.

By considering each element of the matrix separately, the
optimization problem can be reformulated as

min
ui j∈R

λ2|ui j|
q +

β1 + τ2

2
(ui j − yi j)2. (26)

The solution of this problem is the proximal operator of the
| · |q, whose result is reviewed in the following lemma.

Lemma 1: Consider the proximal operator

Proxλ|·|q (a) = argmin
x∈R

λ|x|q +
1
2

(x − a)2

=

8̂<̂
:
{0}, |a| < κ(λ, q),
{0, sgn(a)c(λ, q)}, |a| = κ(λ, q),˚
sgn(a)$q(|a|)

	
, |a| > κ(λ, q),

(27)

where

c(λ, p) = (2λ(1 − q))
1

2−q > 0,

κ(λ, q) = (2 − q)λ
1

2−q (2(1 − q))
q+1
q−2 ,

$q(a) ∈ {x | x − a + λqsgn(x)xq−1 = 0, x > 0}. (28)

More details can be found in [43].
According to Lemma 1, the solution of (26) can be easily

obtained by
ui j ∈ Prox λ2

β1+τ2
|·|q

�
yi j
�
. (29)

Based on [44], the proximal operator in (27) admits a closed-
form when q = 0. This closed-form also exists when q = 1/2
and q = 2/3 as illustrated in [45] and [46]. For other choices
q ∈ (0, 1), efficient algorithms proposed in [43] and [47] can
be considered.

3) Update V by Fixing W and U: Once W and U have
been updated, (14) can be calculated via

min
V∈Rd×m

λ1‖V‖
p
2,p +

β2

2
‖Wk+1 − V‖2F +

τ3

2
‖V − Vk‖2F. (30)

It is easy to reformulate (30) as

min
V∈Rd×m

λ1‖V‖
p
2,p +

β2 + τ3

2
‖V−Z‖2F, (31)

where
Z =

β2

β2 + τ3
Wk+1 +

τ3

β2 + τ3
Vk.

It can be further decomposed into a series of vector opti-
mization problems as

min
vi∈Rm

λ1‖vi‖p +
β2 + τ3

2
‖vi − zi‖2, (32)

where i ∈ {1, 2, · · · , d}. The solution of (32) is the proximal
operator of ‖ · ‖p as in [27] and [44], which is reviewed in the
next lemma.

Lemma 2: Consider the proximal operator

Proxλ‖·‖p (a) = argmin
x∈Rm

λ‖x‖p +
1
2
‖x − a‖2

=

8<:Proxλ|·|p (‖a‖) ·
a
‖a‖

, a , 0,

{0}, a = 0.
(33)

Here, ‖x‖0 = 1 when x , 0, and ‖x‖0 = 0 when x = 0.
From results in Lemma 2, the solution of (32) is

vi ∈

8<:Prox λ1
β2+τ3

|·|p

�
‖zi‖

�
·

zi

‖zi‖
, zi , 0,

{0}, zi = 0.
(34)

Remark 1: For Algorithm 1, it is suggested to update Uk+1

first for eliminating the interference caused by noise and then
update Vk+1 for selecting discriminative features.

Remark 2: To establish the convergent result of Algorithm
1, there is a common pattern similar to [48], consisting of
a sufficient decent lemma and the Kurdyka-Lojasiewicz (K-L)
property of the objective function. For this algorithm, the main
challenge is to obtain a sufficient decent lemma, because of the
fact that the update of Wk+1 relies on Algorithm 2. In [42], it is
proved that Algorithm 2 converges to the zero gradient point,
i.e., the point satisfies gradg(W) = 0. However, to prove the
sufficient decent lemma of Algorithm 1, there is a requirement
that Algorithm 2 converges to the global optimizer, which is
a more strict result. Therefore, it is deferred as a future work
to tackle this challenge.

C. Computational Complexity Analysis
At the end of this section, we provide the computational

complexity of Algorithm 1 (including Algorithm 2), which
can be decomposed into the following four aspects.
• When initializing Algorithm 1, there require O(n2) and

O(dn2) to compute H and S , respectively, which leads to
the computational complexity of initialization is O(dn2).

• When updating W by Algorithm 2, the computational
complexity is that of solving (22) and (23). As pointed
out in [42], (22) is approximated solved by the truncated
(Steihaug-Toint) conjugate-gradient method with caching,
where the computational cost relies on computations of
the Hessian-vector product and inner product. Here, the
computational complexity of the Hessian-vector product
is O(d2m + dm2) and the inner product is O(dm2). For
(23), the computational complexity is O(d2m+ dm2). By
summing up these results, the computational complexity
of each iteration in Algorithm 2 is O(d2m + dm2).

• When updating U and V , the computational complexity
only relies on the proximal operators, which are proved
as closed-form functions in our numerical studies, and
their computational complexity is O(dm).

• The convergent check is based on the loss function f ,
which has a computational complexity of O(d2m).

Overall, the computational complexity for every iteration of
Algorithm 1 is O((κ + 1)d2m + κdm2 + dm), where κ is the
iteration number of Algorithm 2.
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TABLE I
STATISTICAL INFORMATION OF SELECTED DATASETS

IV. NUMERICAL STUDIES

To illustrate the effectiveness of the proposed BSUFS,
this section presents extensive comparisons with several
benchmark UFS methods, including graph-based methods as
LapScore [16], SOGFS [19], RNE [20], and UDFS [18], and
PCA-based methods as SPCAFS [24], FSPCA [49], SPCA-
PSD [28], and FEN-PCAFS [29]. Note that LapScore, SOGFS,
RNE, and UDFS are directly implemented by the AutoUFS-
Tool toolbox,1 while SPCAFS,2 FSPCA3, SPCA-PSD,4 and
FEN-PCAFS5 are from the authors’ GitHub repositories.

To verify whether BSUFS is better than these UFS methods
and test every component of BSUFS, this section is organized
as follows. Subsection IV-A describes the datasets, parameter
settings, and evaluation metrics. Subsection IV-B and Sub-
section IV-C present numerical experiments on synthetic and
real-world datasets, respectively. Subsection IV-D provides
ablation experiments. Subsection IV-E shows the statistical
test results. Subsection IV-F analyzes the effects of p and q.
Subsection IV-G gives more discussions.

A. Experimental Setup

1) Dataset Description: There are two synthetic datasets
and eight real-world datasets that are used to validate the
performance of our proposed BSUFS. For more details about
these datasets, please refer to Table I.

The two synthetic datasets6 are generated by assigning spe-
cific distributions to the first two features, while the remaining
seven features are filled with Gaussian noise. The eight real-
world datasets encompass a diverse range of domains, such as
Isolet7 for spoken letter recognition, MSTAR SOC CNN8

(referred to as MSTAR) for deep learning, GLIOMA7 and
lung discrete7 (referred to as LUNG) for biological informa-
tion, COIL20,7 USPS,7 pie9, and umist10 for image processing.

1https://github.com/farhadabedinzadeh/AutoUFSTool
2https://github.com/quiter2005/algorithm
3https://github.com/tianlai09/FSPCA
4https://github.com/zjj20212035/SPCA-PSD
5https://github.com/gaoyl-group/FEN-PCAFS
6https://github.com/milaan9/Clustering-Datasets
7https://jundongl.github.io/scikit-feature/datasets.html
8https://github.com/zjj20212035/SPCA-PSD
9https://data.nvision2.eecs.yorku.ca/PIE dataset/
10https://github.com/saining/PPSL/blob/master/Platform/Data/UMIST

/UMIST.mat

2) Parameter Settings: For LapScore, SOGFS, and RNE,
the value of k-neighbors is chosen as 5. For SOGFS,
SPCAFS, SPCA-PSD, FEN-PCAFS, and BSUFS, their reg-
ularization parameters are selected from the candidate set
{10−6, 10−4, 10−2, 100, 102, 104, 106}. As suggested in [43] and
[45], the values of p and q for BSUFS are selected from
{0, 1/2, 2/3}. Although other values in [0, 1) are also possible
in principle, they are not considered in this paper because there
is no closed-form proximal operator and the corresponding
solution must be obtained by iterative calculations. For other
parameters, the default values or the best parameters provided
by the authors are used.

3) Evaluation Metrics: Two key metrics are applied to eval-
uate these compared methods, including clustering accuracy
(ACC) and normalized mutual information (NMI). Here, ACC
is defined as

ACC =
1
n

nX
i=1

δ(yi, ci), (35)

where n is the number of samples, yi is the true label of the
i-th sample, and ci is the cluster label of the i-th sample. The
function δ(yi, ci) is the Kronecker delta function, which equals
1 if yi = ci and 0 otherwise. Besides, NMI is defined as

NMI =
I(y, c)

√
H(y)H(c)

, (36)

where y = (y1, y2, · · · , yn) ∈ Rn, c = (c1, c2, · · · , cn) ∈ Rn,
I(y, c) is the mutual information between the true label vector
y and the cluster label c, H(y) and H(c) are the entropies of
the true label and the cluster label, respectively.

Following a similar way in [24], we select the number of
features across all datasets in increments of 10, ranging from
10 to 100. To be fair and counteract the variability introduced
by different initial conditions, 50 repetitions of the k-means
clustering algorithm are conducted. This means that the final
results are reported as the mean and standard deviation of the
50 repetitions.

B. Synthetic Results

In this experiment, various UFS methods are conducted
on two synthetic datasets, i.e., Diamond9 and Dartboard1.
Each UFS method is applied to obtain scores for all nine
features and the top two features are selected. After that, the
selected features are visualized in scatter diagrams alongside
the samples.

Fig. 2 shows the feature selection results of the Diamond9
dataset, where (a) is the dataset distribution and (b)-(j) are
the feature selection results. It is demonstrated that BSUFS is
the only method that can successfully identify the two most
discriminative features.

For the Dartboard1 dataset, Fig. 3 shows that RNE, UDFS,
SPCA-PSD, and BSUFS are all capable of identifying the
appropriate features, compared to the other methods. In Fig. 4,
by adding Gaussian noise with mean 0 and standard deviation
0.01 on this dataset, UDFS, SPCA-PSD, and BSUFS identify
the right features, but RNE fails. As for Fig. 5, the 0.03
salt-and-pepper noise is added that is 3% of the pixels are
affected by this noise. From this figure, only UDFS and
BSUFS are capable of selecting the right features. Therefore,
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Fig. 2. Visual comparisons on the Diamond9 dataset, where (a) is the dataset distribution and (b)-(j) are the feature selection results.

Fig. 3. Visual comparisons on the Dartboard1 dataset, where (a) is the dataset distribution and (b)-(j) are the feature selection results.

Fig. 4. Visual comparisons on the Dartboard1 dataset corrupted by 0.01 Gaussian noise, where (a) is the dataset distribution and (b)-(j) are the feature
selection results.

it can be concluded that UDFS and BSUFS perform better and
are more robust on the Dartboard1 dataset. Besides, between

graph-based methods and PCA-based methods, it is difficult
to say which ones perform better.
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Fig. 5. Visual comparisons on the Dartboard1 dataset corrupted by 0.03 salt-and-pepper noise, where (a) is the dataset distribution and (b)-(j) are the feature
selection results.

Fig. 6. Visual comparisons of the ACC metric under different real-world datasets with different number of selected features.

Fig. 7. Visual comparisons of the NMI metric under different real-world datasets with different number of selected features.

To sum up, our proposed BSUFS consistently
selects discriminative features and performs robustly on

different noises, while the other methods fail to select the
correct features in some cases. All those results suggest
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TABLE II
AVERAGE ACC (MEAN % ± STD %) AND NUMBER OF SELECTED FEATURES (IN BRACKETS) OF K-MEANS CLUSTERING. THE TOP TWO VALUES ARE

MARKED AS RED AND BLUE

TABLE III
AVERAGE NMI (MEAN % ± STD %) AND NUMBER OF SELECTED FEATURES (IN BRACKETS) OF K-MEANS CLUSTERING. THE TOP TWO VALUES ARE

MARKED AS RED AND BLUE

the effectiveness of our proposed BSUFS on synthetic
datasets.

C. Real-World Results
This section presents numerical results on eight real-world

datasets. Here is another compared method called ALLfea,
which stands for all features used for clustering and is the gold
standard for comparison. Fig. 6 and Fig. 7 show the average
values of ACC and NMI for 50 repetitions under different
selected feature numbers. Table II and Table III summarize the
detailed results, with the top two values marked in red and
blue except for ALLfea. To be specific, we set the number
of selected features from 10 to 100 and report the best result
with the number of features shown in brackets.

For the ACC metric, our proposed BSUFS obtains
good results on most datasets, even performs better than

the latest SPCA-PSD and FEN-PCAFS. In Fig. 6, almost
all BSUFS lines are higher than other lines under different
numbers of selected features, which implies that BSUFS
performs better than others in terms of ACC. In Table II,
BSUFS has the largest average ACC value on these real-
world datasets, followed by FEN-PCAFS and SPCA-PSD.
In addition, compared with graph-based methods (such as
RNE and UDFS), PCA-based methods (such as SPCAFS and
SPCA-PSD) show good performance. Due to the introduction
of bi-sparse regularization, BSUFS achieves at least an average
improvement of 7.95% than SPCAFS. Of course, in some
cases, BSUFS is slightly inferior to SPCA-PSD, we believe
that low-rank priors can also improve the performance of
UFS. For the Isolet dataset, the ACC value is significantly
improved. The reason may be that the fine-grained noise and
speaker variability in this dataset can be effectively handled
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TABLE IV

ACC (%) COMPARISONS FOR FOUR CASES IN ABLATION EXPERIMENTS.
THE TOP TWO VALUES ARE MARKED AS RED AND BLUE

by the additional `q-norm, thereby achieving more effective
features.

For the corresponding NMI metric, similar results can
be obtained, that is, the proposed BSUFS generally outper-
forms other competitors. Note that the values of NMI here
adopt these parameters corresponding to the best ACC, which
may cause NMI to be not such good in some cases. Although
not all BSUFS lines in Fig. 7 are higher than others, they
are still the most lines. As shown in Table III, on average,
BSUFS improves the NMI value by at least 0.48% compared
with other methods. For the GLIOMA dataset with a smaller
sample size and a larger number of features, it achieves a
higher ACC value but a relatively lower NMI value. This may
be because this dataset has only four categories, which easily
leads to an imbalance in ACC and NMI.

Overall, our proposed BSUFS outperforms compared meth-
ods on many real-world datasets by achieving higher ACC and
NMI values. On the other hand, achieving higher accuracy
with a smaller number of selected features makes BSUFS a
very practical method for real-world applications.

D. Ablation Experiments

To investigate the effect of bi-sparse regularization terms in
BSUFS, this section conducts ablation experiments on
• Case I: BSUFS without `2,p-norm and `q-norm, i.e.,

min
W∈Rd×m

− Tr(W>S W)

s.t. W>W = Im. (37)

• Case II: BSUFS without `2,p-norm, i.e.,

min
W∈Rd×m

− Tr(W>S W) + λ2‖W‖qq

s.t. W>W = Im. (38)

• Case III: BSUFS without `q-norm, i.e.,

min
W∈Rd×m

− Tr(W>S W) + λ1‖W‖
p
2,p

s.t. W>W = Im. (39)

• Case IV: BSUFS.
Note that p, q ∈ [0, 1) for all cases.
1) Clustering Efficacy: Table IV and Table V list the clus-

tering performance in terms of ACC and NMI, respectively.
These results indicate that Case IV consistently achieves the
top performance. In particular, on the USPS and GLIOMA

TABLE V

NMI (%) COMPARISONS FOR FOUR CASES IN ABLATION EXPERIMENTS.
THE TOP TWO VALUES ARE MARKED AS RED AND BLUE

TABLE VI

VISUAL COMPARISONS OF SELECTED IMAGE SAMPLES FROM THE PIE
DATASET WITH THE CORRESPONDING ACC (%) AND NMI (%). THE

TOP TWO VALUES ARE MARKED AS RED AND BLUE

datasets, the ACC values of Case IV increase from 67.06%
to 70.77% and from 49.76% to 61.28% compared to Case I,
respectively. In addition, compared with Case III, almost all
ACC and NMI results of Case IV are improved, which shows
that the introduction of `q-norm to Case III is meaningful for
feature selection.

2) Feature Visualization: Table VI presents visual compar-
isons of feature selection results of Cases I to IV on the pie
dataset. In this study, we set the number of selected features
to 80 and randomly select 4 image samples to highlight
the effectiveness of feature selection. Although all methods
can select the basic facial features (eyes, mouth, nose, lips),
Case IV selects more additional features, such as eyebrows.
This diverse selection helps to maintain a more complete
geometric structure of the face, potentially making better
use of smaller regions of an image and reducing redundant
features. Consequently, Case IV achieves higher ACC and
NMI values, which reflects its superior effectiveness.

3) Sparse Analysis: Fig. 8 shows the sparse visualization of
the transformation matrix W on the USPS and umist datasets.
Since both USPS and umist are image datasets, they usually
contain a lot of noise. Obviously, Case IV combines the basic
sparsity of Case II and the row sparsity of Case III to achieve
a more sparse W, that is, more focused on effective features.
This is because the introduction of `q-norm regularization
can eliminate noise in the datasets, thereby affecting feature
selection and clustering.

In summary, by comparing Cases I, II, III with Case IV
in different measurements, the introduced bi-sparse term
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Fig. 8. Sparse visualization of the transformation matrix, where (a)-(d) are the results on the USPS dataset and (e)-(h) are the results on the umist dataset.

Fig. 9. Post-hoc Nemenyi test in terms of ACC.

Fig. 10. Post-hoc Nemenyi test in terms of NMI.

improves the performance of PCA in feature selection, i.e.,
our proposed BSUFS is promising.

E. Statistical Analysis
To evaluate the pairwise differences between all compared

methods, we employ the post-hoc Nemenyi test with the
critical difference value as a metric. The test outcomes for
ACC and NMI are shown in Fig. 9 and Fig. 10, respectively.

It can be found that BSUFS demonstrates statistically signif-
icant differences when compared to SOGFS, LapScore, UDFS,
and RNE, while no significant differences are observed in the
performance of BSUFS relative to FSPCA, SPCAFS, SPCA-
PSD, and PEN-PCAFS. This result shows that PCA-based
methods are significantly different from graph-based methods,
while our proposed BSUFS has no significant difference from
other PCA-based methods.

F. Effects of p and q
There are three common choices of p and q in BSUFS, that

are 0, 1/2, and 2/3. In order to evaluate the importance of p

and q, Fig. 11 and Fig. 12 present the clustering performance
in terms of ACC and NMI under these different values of p
and q, respectively. In these two figures, the x-axis represents
various values of p and the color variations in the bars indicate
different values of q.

According to the clustering results, the following conclu-
sions can be made.
• First, the optimal choices of p and q are different for

different datasets. In specific, for the Isolet dataset, the
optimal values of p and q are 0 and 1/2, respectively,
while for the LUNG dataset, the optimal values are 1/2
and 2/3, respectively.

• Second, under different values of p and q, their ACC
values and corresponding NMI values are not the same.
For example, for the GLIOMA dataset, the ACC value
varies greatly at p = 0, which also shows that the
selection of q also affects the results.

• Finally, for the umist and MSTAR datasets, the best
clustering performance can be observed when both p and
q are set to 0, which illustrates that the extension from
(0, 1) to [0, 1) is of importance.

Obviously, p and q should be tuned carefully. In practice,
it is recommended to determine p first and then q.

G. Discussion
This section first visualizes the feature correlations between

SPCAFS and our proposed BSUFS, then presents the model
stability of all compared methods, and finally discusses the
parameter sensitivity and convergence in the numerical per-
spective.

1) Feature Correlation: Fig. 13 shows the feature correla-
tion results using SPCAFS and BSUFS on the COIL20 and
USPS datasets. Here, 10 features are selected, denoted as
F1, F2, · · · , F10, and the correlation among these features is
examined. It can be concluded that compared with SPCAFS,
the features extracted by our proposed BSUFS are more
discriminative. This means that the newly introduced `q-norm
can eliminate redundant features and improve feature selection
results.
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Fig. 11. Effects of p and q on eight real-world datasets in terms of ACC (%).

Fig. 12. Effects of p and q on eight real-world datasets in terms of NMI (%).

Fig. 13. Heatmap visualizations of correlations for 10 selected features, where (a)-(d) are the results of SPCAFS and (e)-(h) are the results of BSUFS.

2) Model Stability: In this experiment, box plots of the 50
clustering results are shown in Fig. 14. It is obvious that in

terms of ACC and NMI, the average values of BSUFS are gen-
erally larger than other methods. Especially for the Isolet data,
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Fig. 14. Model stability comparisons of all compared methods on four real-world datasets, where (a)-(d) are the ACC results and (e)-(h) are the NMI results.

Fig. 15. Effects of λ1 and λ2 on four real-world datasets, where (a)-(d) are the ACC results and (e)-(h) are the NMI results.

Fig. 16. Convergence curve of BSUFS on four real-world datasets.

the improvement is more obvious. This is because this dataset
is highly sparse, and the advantages of double sparsity are fully
demonstrated.

3) Parameter Sensitivity: Because there are two regu-
larization terms, BSUFS needs to tune two regularization
parameters. Fig. 15 investigates the effects of two regu-
larization parameters, i.e., λ1 and λ2, for ACC and NMI
metrics. Although the improvement under different λ2 is not as

significant as that under different λ1, there are still differences,
which also proves the necessity of the bi-sparse term in
BSUFS. In general, `2,p-norm plays a vital role in BSUFS,
while `q-norm is a complementary choice in feature selection.

4) Convergence Analysis: Fig. 16 shows the objective value
curves for Algorithm 1 on four real-world datasets. It is seen
that the objective function of our proposed BSUFS shows a
consistent pattern of continuous decrease and reaches stability
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within finite iteration numbers. Although the convergence
theorem cannot be derived as in Remark 2, the algorithm has
good convergence in the numerical perspective.

V. CONCLUSION

In this study, a novel method called BSUFS is introduced
for UFS, which integrates both `2,p-norm and `q-norm to
PCA with p, q ∈ [0, 1). Technically, `2,p-norm facilitates
feature selection and `q-norm serves to remove the impact
of redundant features. To our best knowledge, this is the first
UFS method in a unified bi-sparse optimization framework. In
algorithms, an efficient PAM optimization scheme is designed
and its computational complexity is also analyzed. The fea-
ture selection results of BSUFS on synthetic and real-world
datasets, respected to ACC and NMI, are more excellent than
other competitors. Numerical studies also illustrate that the
wide range of p and q is essential, and the best selection of
them needs to be determined by the dataset. Furthermore, `2,p-
norm performs a leading role and `q-norm enhances feature
selection. Obviously, this bi-sparse framework can be applied
to other related image processing fields.

In the future, we are interested in extending the proposed
method to tensor cases [50] for better clustering performance.
Besides, developing efficient optimization algorithms based
on elegant proximal operator results [51] and applying neural
network methodologies [52] to automatically learn parameters
are worth investigating.
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